


Skills check
L. 3 3 _34n-D-34n+D
dn+1 4n-1 (4n +1)(4n - 1)
_12n-3-12n-3 -6
T len’ -1 len’-1
b n-1 —n _(n-1)(n-3)—n(n+2)

n+2 n+3 (n+2)n + 3)

- n+3n-3-n"-2n

a +2n+3n+6
3

n+5n+6

2 a |3x-1l<l=>-1<3x-1<1
:>0<3x<2:>0£xs§

b 2x-3|>4=>2x-3>40r2x-3<-4
=2x>7o0r2x<-1

:>x210rxS—l
2 2

3 a 20 _ 2n(1-\n)  _ 2n(n-1)
1+vn 1+ Vn)d -n) n—1
b n—1 (n = Dn—n+1)

Ji +nil  (Jn + nr D)W — i)
_ (n=D)n—n+1)

n—-n-1
=(n-D)n+1-+/n)
n+l n+l _
NG) by D g 2!
2" n+1 2n
d (- 2’;:1, nel’

Investigation 1

1 < > Investigation 1~

yl
0.8
0.6 "
' .'.Cocncoooo
0.4 ) - el
0.2 4 2n+1

T T T 7T
0l 2 4 6 8 10 12 14X

. 1
2 As nincreases the terms get very close to 5
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n+1 1‘ 1
<

1 _:>2n+2—2n—1 i
2n+1 2| 10 22n + 1) 10
1 1
= < =
2n+1 5
>n>2.m=3
n+1 _l‘ 2n+2-2n-1
2n+1 2 2(2n + 1)
<23:>n>l(i—1j
2n +1 2\ 2¢

5L €=0.01 =>m=25;¢=0.001 = m = 250;
£=0.0001 = m = 2500

n+l 2| 1 |2n+2-4n-2| 1
5 -Zl<== <—
2n+1 5/ 10 | 2@Qn+1) | 10
0.4
2n 1
<_
2n+1 5
1
>n< -
8

No as this implies that 7 < é
6 As nincreases the terms get very close to 0.
SINES q
7 |—<||<e=>—-<e=>n>log,| —
3 3" £
L €=001=>m=6;e=0.001l=>m=7;

€=0.000l=>m=9

8 |u,—L| can take arbitrary small values as we
consider just terms after an order m (as we increase
this order the terms are closer to L).

Exercise 1A

n+3 1‘ 1 |2n+6-2n-1 1
1 - = = <
2n+1 2| 1000 | 2@2n+1) | 1000
5 1
= < —
2n+1 500
=n>1249.5
~om=1250
2 2 [ T
7
1y-c
.8 "
64 o Ul
A ..."000.oo-oooco

0 3 6 9 12 15 18 21X
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3n+3—3n+1|< 1

n+1 1‘ 1
<

3n—1 3| 1000 33n-1) | 1000
4 1
= < ——
9n -3 1000
4003
> n>—
som =445
3 a ol 1.1 12 Exercise 1A~/ %"
yl
24
151 ut(n) = 23
1- ..................

]
5
[ ]

T T T T T T I‘
50 3 6 9 12 15 18 21X

4" -3 5 473 4 1
b —— 1< = <
4" 10000 4" | 2000
3 1
= —<—
4" 2000
= n > log, 6000
m=7

4 a Divergent as the terms of even order approach

% and the terms of odd order approach —%.

b Convergent to zero as the absolute value of the
terms get close to zero quickly.

¢ Divergent as while the terms of even order get
close to zero, the terms of odd order increase
without bound.

d Converges to zero as the square roots of
consecutive integers are approximately equal
for large values of #.

. Exercise 1A <
n
=iem) =) ]
1000 31.6228 31.6228
10000 100 100.005
100000 316.228 316.229
1000000 1000 1000.
10000000 3162.28 3162.28[7]
C6] [«]>

e Diverges to positive infinity as the terms
increase without bound.

f Diverges as the terms follow the cyclic pattern
1,0,-1,0,1,0,-1,0,....

g Diverges as the terms of even order are equal
to 1 and the terms of odd order get close

to zero.
1 } 1 1 -
h Convergesto — as "~ = -]+ n3—2
2 2n°+ 3 2 2n°+ 3
n—2 .
and ——— approaches zero as » increases.
2n°+ 3
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2
ncos”(na n
> (na) _ 5 - cos’(na) as 0 < cos’(na) < 1.
n +3 n +3 e
—_— ounded
converges to zero
ncos’ (na)

Therefore lim —; =0,aeR. QED

n—w n +

Exercise 1B

1 a -2 (éj S2~(—1)”1-(§j <2- (éj ; as
5 5 5
1im[—2 . @ j: lim?2 - @ _ 0, by the

squeeze theorem lim2 - (-=1)""- [%) )

2 a -1<sin(2n) <1, forallne Z"
2 3n—1<3n+sin(2n) < 3n + 1

3n-1 3n+sin(2n)<3n+1
4n -3~ 4n-3  4n-3
asdn—-3>0
forallne Z* as lim 2"~ 1
n>w 4y — 3
1
. 3n— 3, 3.0
b lim =——=—and
noodpy — 3 n—>oo4_§ 4 -0
n
3 1
. 3n+1 .. °F, 340 3
lim =lim = ==
edn =3 e, 3 4-0 4
n
c As 3n—1£3n+sin(2n)s3n+land
dn -3 dn -3 4n -3
lim 37 =1 =1im3n+1:ébythe squeeze
nmoodp -3 nmoedp -3 4

theorem Iim3n+s—m(2n) = 3
noo 4y — 3 4

2n >1:>4n>3n+1:>n>1wh1chlstrue
3n+1 2

2 2 en<bni2=0<2
3n+1 3

which is true for alln e Z*.

forallne Z%;

2n

Therefore, % < 1< % forallne Z".

n+

2 <= for allne Z" and

3n+1

b As

n—>0 n—>0

hm( 2n j =0
n>o\3n+1

4 Assumption: the sequence {a } converges to

L
2
11m( j = 11m( j = ( by the squeeze theorem,

a real number a. As limg,,, = lim g, = q, then

n—ow n—w

L+ 2 a+2
=a=— =a=1

lima,,

n—0 n—0
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WORKED SOLUTIONS

Investigation 2 8 The absolute value of the terms of the sequence
increase without upper bound.

1 11 > Investigation 2 </

y . .
200001 . Investigation 3
16000 - _and
ul(m =3 a <EMBEWIEED > Investigation 3

12000 -
8000 . : ='n/2A'n - |
4000 . 10. 0.00976563

e A— > 100. 7.8886091¢-29
0 2 4 6 8 1012 X 500.  1.5274682¢-148
1000.[ 9.33263626-299 5l o

B5[=9.3326361850171£299 | <]~ .hinan =0
n 0

2 The terms of the sequence increase
without upper bound.

b Explore the limit for different values of % and b.

3 3"'>100=>n>519..=>m=6 For example:
4 3'>1000=>n>728...=>m=8, ", -
31> 10000 = 7 > 9.38... = m = 10 and =2/ =wosanen) ]
1. 0.33333333 0.25
3" >100000 = 7 > 11.47...= m =12 10 000109951 _0.00009597
100. 1.9403252e-44  6.22301536-57
500. 6.8756324¢-23... 2.3331596-296
‘ - 1000.[ 7.563891¢-47...] 8.7098098¢-597 ]
Iog3(100)+1 5.19181 C5] =8.7098098162032¢-697 EIC
log,(1000)+1 7.28771
Iog3(10000)+1 9.38361 Investigation 3~
log,(100000)+1 11.4795 =('n)/3"(n) ='n/4%n I
' T 1. 0.33333333 0.25
10.  0.00016935  0.00000954
. 100. 1.9403252e-46 6.2230153¢-59
5 -2"<1000=>7rn>9.96...=m=10, 500. 1.3751265¢-23... 4.66631816-299
1000.[7.56389136-47...] 8.7098098¢-600 7]
-2"<10000 = n>13.2... =2 m=14 and 5] =8.7098098162032:-600 <[> limb =0
n
—2" <1000000 = 7 > 16.6... = m =17 "
; — c 0 1.1 [ 1.2 ] 1.3 LSRR
@
Iog2(1000) 9.96578 ~root(3,'n) |
log,(10000) 13.2877 100 101105
log,(100000) 16.6096 1000 1.0011
10000 1.00011
100000 1.00001
o L
3/99 v
B4]=1.0000109861832 [« “lime =1
n—»o n
6 The terms of the sequence decrease d
without lower bound. a1 [1.2] 1.0 (gl I
7 =root('n, 'n) |
: I a 100 1.00693
Iog4(1000) 4.98289 1000 1.00092
log,(10000) 6.64386 10000 1.00012
100000 1.00001
8.30482
log,(100000) 1000000 L 5
B5[=1.0000016118109 []> “limd, =1
V| n—o0 ”
3/99

e lime, =+

n—>0

|-4"1>1000 = n > 4.98... = m =5,

|_4n| >10000 = 1 > 6.64... = m = 7 and You need to use a powerful
- o tool to calculate this one,
|-4"| > 100000 = 7 > 8.30... = m =9 e.g., Mathematica or its

free version Wolfram Alpha.
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WORKED SOLUTIONS

Exercise 1C S (2k-1) n-2 o
1 k lim & =1lim 2 = lim
3 5__— n n +1 noo In”+ 1 moe 2t + 1
1 a lim—""" _lim w50 _>
nso 2 + 6n — 1 ﬂﬁwz_i_g_i 2+0-0 2 1_1
non —lim—n =170 1
n—>00 1 2+0 2
+ 2
1,5 !
, 1.2
b hm n +57’l :111’1’1 n nz — O+0 — i(zle—l) 12 _1
””ml’l3+27’l+3 nﬁool 2 3 1+O+0 . . 52_1 . 2”—1
T oty L lim#*2 = lim = lim
n n n—w n—>0 3" n—» 2. 3"
1+ 6_1 [2)" :
2 B ) _ 3] 3
c im®tor-1_fy n ot _1+0 O=+oo lim\3 3 :0—0_0
N n+1 n—»w 1+i 0+0 n—»ow 2 2
n 7’12

2 a lim¥n=1=limin@/n)=In1=0

d lim(#* — n) = lim(n(n* — 1)) = (+0) x (+®) = +© i i
— lim2Inz =0 = lim 2 —
e lim(Vn+5 - Jn+2) ! !
Inn _In(n+ k)  Inn+k
As — < < and
:hm(\/n+5—\/n+2)(\/n+5+\/n+2) n  n n
o Jn+5+~n+2 | | .
3 3 lim 27 — fim 27 * % _ 0, by the squeeze
= lim 0 eenmen

wn Jnes+dnt2 Ao

theorem limM =

n—w n

b limn/n . (ij — lim4n lim>=1x0=0
n—»w n n—»w n—o g

Exercise 1D

0

1 a lim(x*-1)=1-1=0#1lm@GBx-1)=3-1=2
x>0 x—1"

b

3 n o 11 Exercise 1D ©/
) (_3)n+1+ 7n . (_7) +1 0+1 1."._:/"
h [im-—= =lim = =+
n—oo A" 4 " now | (4)" (e)" 0+0 104
4 \7 7 51 /Jrw - )3‘X_11’;11
s 6 4 20 2 4 6 8 *
_3 -
i lim\/;\/_\/;:hm(l—i/szl—Ozl ® /5
n—o0 n n—0 n
2 a 11 2 Exercise 1D 7
1 n n+1 _1 nt—n*-n*-n-1 YA sin(mx), x< 1
= PR = n*+n 2| cos() x> 1
1_
AWAN ANV
L1 ls -5\/2 -\19_' N2/3 4
- lim—" \ .
500 1 @ -2
i+7
non .. . X
limsin(zrx) = lim cos(—) =0
—1-0-0 x—>1" x—>1" 2
= = —00 - 14 —
0+0 "lxlil}f(x)_o
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b < > Exercise 1D
YA
3_
_[e-1, x<0 27
109 [In(x), %0 1]
T T T T T T T T T T X
-10 -8 -6 -4 £ 2 4 6 8 10
-2
@ -3

lirgl(e" -1D=1-1=0=#limln(x) =—
x—0" x>l

. lim g(x) does not exist
x—0

< > Exercise 1D

6.
3xtl x<_2
all = lx+1

1im3x+1:_—5:5¢ﬁmx+1 -1

o2 x4l -1 >23x+1 -5

.. lim A(x) does not exist.
x—>-2

| —

3 Iim————— =1lim
R R PR R

S
5x -1 . 0-0
J’_

1
5x° x
b im=——— =1lim
x—>+oox2_3x+1 X—>+0 l—é
X

c Iim(\/2x+ —VJx+1)

(J2x+1 —Jx+D)2x+1 + Jx+1)

H*‘” V2x+1 +x+1

=lim ——— !
H*""x/2x+1+\/x+ H+°° 1 1 1
+—2+ —+—
X X X X
4 a B B Exercise 1D
y
2_

WANVANY/\NARVANY
S o\ 2\ 2\ s \f

-2 f1(x) =cos(sx)

b Leta,=2n and b, =2n + 1.

lima, = limb, = +c and
n—»o0 n—w

lim f(a,) =1# lim (b, ) = —1. Therefore

lim f(x) cannot exist.
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Review exercise

. 3 . 1 1 1
a lim——=Im——m-=—=-
n—>w0 27’1 — n—»0 _i 2 _ 0 2
3
3 n
b lim”~ =0 c lim(gj =
n—o " n—w\ 3

d lim(e3 - Vi) = lim 3= (Jn+3 )

Jn+5+n
3
=lm——=—"=0
’H‘”\/n+5+\/_ +o0
. 1+2+3+..42n . n+2n°
e lim 5 =lim
n—»oo n n—o0 n

:nm(hzj:ou:z
n

n—ow

i23k 2 3r/+1_1
N n+l
f lim=  —lim— 3=1 _fjm3 —1
n—>0 5” n—>0 5" n—>0 5”
=1im[3-(§j —iJ:?)xO—O:O
n—o 5 5”
|
eg U, =-——
n
S <Y <3+ forall
n+n ton +k n

nel* ashm

n—ow

S (e =lim> (n+1)=0by
+1’l n—w g

the squeeze theorem l1mz 3 e =0
neo et pg? 4

n(n-1)
4n* +3
_N n—1 < . n+cos(k7r) Z n+1
=4n’+ 3~ o 4n’ +3 San*+3
(2+1) forallne Z;
 4n
-1
as lim ™D _ i n _Lapg
n—odn® + 3 n—»ow Ea
nZ

1
1+— 1
’; =3 by the squeeze

lim 2D _ i
n—>0 4;1 + 3 n—>0 4

n

n+cos(kr) 1

theorem hmz = — which is a real

n—=>0 4712 +3

number. Therefore the sequence converges.
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3n(3n - 1)

b 1 c 0

n! <n!+\/;< 2n!
n+2)! (n+2) (n+2)!

el’

forallne Z%;

I |
as lim—*— = lim—— "~
noo (g 4+ 2)1 oo (n+ 2)(n + Dn!
. 1
=lim———M =
noo (n + 2)(n + 1)
I
and = limL
n->o (11 4 2)!
2n!

m-—————-
n>o (7 + 2)(n + Dn!

m-——— =
noo(n + 2)(n + 1)

!
by the squeeze theorem lim nt+n =0
5% (1 + 2)!

a g, =3 > 0and each term is obtained from the
previous one by adding 1 unit and then dividing
the sum by 2. Therefore all the terms remain
positive.

Note: you can also show it using
mathematical induction.

b LetP(n):a,,—a,<0.
Step 1: P(1):a, — g, < 0 which is true as

3+1

a, = )

=2andag,- ¢ =2-3=-1<0
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Step 2: Assume P(k):a,,, — a, <0 true and

consider P(k + 1):a,,, — a,,, < 0.

_a,+1l g +1
Asay,—a., =" — -~ —
2 2

Therefore, P(k)true = P(k + 1)true.

1
= E(a/m -a,)=<0.

By the PMI, as P(1)true and

P(k)true = P(k + Dtrue, we can conclude that

P(n)true forallne Z".
1 n-2 1 n-2
c a = (_j + land lima, = lim((—j + 1] =1
2 n—>m n—>m0 2
1 n-2 n
d li_r)n(an ) = lgrl[(zj + 1)

n(n-2) (n-1)(n-2)
. 1 1
=lim|| = +n|= +...+1
n—»o 2 2

(using binomial expansion).

n(n-2) n— n n-2
Asl<u s(lj ZI”H:Z‘IGJ +1
=2)  =le 2 \2

2"-1

n n-2
and 2 2: 1(%) + 1, by the squeeze theorem

lim(a,)" =1,
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‘Before you start’ b
5
1a 4]
yl
4 34
3 2
2 1 14
14 T T T (2’IO) T >
3 -2 -110_ 2 3 4 5%
4 3 2 10N\1 2 3 4 5%
-14 -24 ,/(0.5,-2.25)
-2 1 -3 100 - |;<-2|, x<2
-3 ® _4 X“X-2, x>2
» _4_
no asymptotes
Asymptotes: x=1,y=1
c < > Investigation 2~/
b y
y 4
4
[t x<2 3
flx) =xele1 37 f1(>()—[4_xyx>2 ) 2,2)
2 4
_/L' (4,0)
—_ 1
T T T T T T T _I5 _I4 _I3 _I2 _Il O ]I. 2' é 4 éx
5 4 -3 2 10 1 2f 14
14 ]
— - ® 34
Asymptote: y = 1
yoop Y Asymptote: y =0
c < > Investigation 2 </ . Iy
& 3 a lim((4r -1 -5)=@-1¢-5=9-5=4
n x—>
(1.31,2) (4.45,2)
| . (tan(2x) ’
1 b hm(— - 3) =(1-3P3=(2y1=-8
(2.88,0) x=0 2x
110 8 6 -4 -2 2 2 4 6 8 106
N o] fw=snf2x-3) Exercise 2A
no asymptotes 1 a
5_
2_3.
2 a T 11 Investigation 2 </ f10) = [:-3 x+1,x< 1
X, x>1
5
4
1
1 R NREI N
T T T T (1’ O)l (3,|0) T "{’:’) _2 .
-4 -3 -2 -110_ i\g/é 4 5%
. 2,-1) discontinuous at x = 1
-2 _1x, x<2
® 3 fl(x)_l(x-2)2—1,x>2

no asymptotes
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WORKED SOLUTIONS

b [ Evercise 2A - ' c Iim(f-g)(x)=I1lm f(x) - lim g(x)
VA x—a x—a x—a
pg-| e 1| = f(@) g(a) = (f - g)a).
® 1-¢5, x<1 3
2 (o HBS®) @ (f
11 d £1£9(gj(x)_ limg(x)  g(a) _[gj(a)
5 4 3 2 -'1_10_ 1 2 3 4 5% for g(a) # 0.
2

N Investigation -Composition of
® 4 continuous functions

a lim f(x) = lim (x + 1) =1 # f(0) = 0

discontinuous at x = 1

c 11 b Exercise 2A and I,(lg}g(x) - lxlirll(x) - 1 * g(l) - 0
¥
24 but lim f(g(x)) = lim £(0) = 0 = f(£(0))
1 -
-3-2-1_12345" x> x>
2 - fretico b lim f(x) = lim(x +1) =2 = (1)
-3 , X=
z and lim A(x) = linll(x -1)=0=n((1)
2, -4 x—1 x—>
continuous in R but lim (f (x)) = lim (x + 1) = 3 # lim h(f(x))
d o 11 Exercise 2A </ i = llr? h(x + 1) =1
YA x—>
2 4
c gis continuous at x = g and fis defined and
4 100 - ‘x-ln H)X 0 continuous at x = g(a).
0, x=0 .
Exercise 2B
_I _ ; X
2 ! ! 2 1 a < > Exercise 2B
YA
14 5]
1
® 2 5] | fL0= (et
continuous in R j_ 200 -2
2 Consider the sequences u, = ﬁ and v, = p. ! 3 5 10 1 3 3 4 %
S 14
limg(u,)=1#1limg(v,) =0. 21
X—>0 X—>0 _3 i
lim ¢(x) does not exist ® ZE
Apply theorem 5 (Bolzano’s) to a closed
3 Apply Squeeze theorem: interval that contains the point of intersection
of the graphs (e.g. [0, 1]).
Iin(}[xsin(ljj = 0=/(0)as graphs (e.g. [0, 1)
xX—> X
b Apply theorem 5
. (1 IZ )
-1< sm(—j <lforallxeR. 4 (Bolzano’s) to a
* §\ closed interval that
4 a lim(f+g)(x) = lim f(x) + lim g(x) - contains the point of
x—a xa x-a ;. intersection of the
= f(a) + g(a) = (f + 2)(a). f1(x) = x-In(x) graphs (e.g. [0, 1]).
. . . 2 10\ 2 3 4
b lim(f ~g)(x) = lim f(x) - lim ¢(x) ; 20 =23

= f(@) - g(a) = (f - £)a).
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WORKED SOLUTIONS

c <@EW»> Cxercise 2B [ EXEI'CiSE ZC
y
54 1 a f(-2)=3-21-2-1=3and f1)=311+1-1=3
4 -
4, x>0
b fl(x)=1 "~
f1®) {—2, x<0
f1(x) = . . . .
v f2(0) = x + 2 This function clearly has no zeros in any interval.
-I3 -I2 -I1 0 i é éX c «@EW)> Secise2CY
® -14 YA
5 |
Apply theorem 5 (Bolzano’s) to closed intervals (2.3 41
that contains the point of intersection of the ' 3]
graphs (e.g. [~1, 0] and [0, 2]). o /&
2 " . "1/ 1 - 3 x| +x-1
; i S5 AN 15 8 o
3 3 -1
2 2 -2
! f1(x) =x ! 2 (x) == ® -3
4 -3 -2 -4 2% 4 -3 -] —110 4x . . . . .
N 1 This function is not differentiable at x = 0,
2 2
3 . so we cannot use Rolle’s Theorem.
4 4 2 a f(-1)=13and f(1) = -3. By Bolzano’s theorem,
as the function changes sign on the interval [—1, 1],
y Y it has at least a zero on -1, 1J.
4 4
3 3 b f’(x) = 10x* — 20x% — 30x?
2 2 ' 20,2
\ ) fl(x)=0=10x"(x" - 2x-3)=0
300 = x| > =>x=0,x=-1,x=3
a3 - —1? 4 -4 -3 -2 -}y 4
5 5 c If fhad another zero on |—1, 1], then its
3 3 derivative would have also a zero on this interval
Vil A f4( ) = _| | . . .
4 4 which contradict the result in part b.
Reasons: (f(x))* = ¥> = f(x) = £x and, as fis d [0 5 Eeercise 2C
continuous, the function can just change from (-1,13) zoyf f1(x) = 2x°-5x*-10x3+10
f(x)=xtof(x) = —xatx =0, so we also have _ (-1.56,0) /'. ‘\(|°-91|8v O>. .
= =— 5 4 3 -9 10 2 3 |4 5%
S @) = Ixl and f(x) |x]. -20 1 (3.79, -1 [16E-10)
~40 -
3 Suppose that f(x,) # f(x,), let’ssay f(x,)< f(x,) 60
for x,, x, €[a,b]. Let y €| f(x)), f(x,)[ "(R\ Q). -804
By Bolzano’s theorem, there must exist at least a -100 -
value x € |x,, x,[ such that f(x) = y.But y¢Q ~1204
which contradicts the condition that f(x) € Q for _122 |
all values x € [Cl, b] = 180 4 (3,-179)

¢ can be any rational number.

2x X" -2x+3 _ (x-11+2 .

4 Let p(x) be a polynomial with odd degree. Then 3a flx)=1- 3 213 73 0
lim p(x) = - lim p(x) and by Bolzano’s theorem for all x e R.
the polynomial must have at least a zero in b If the equation f(x) = 0 had more than a real

] =0, +oof. solution, let’s say, a < b were both real solutions
of f(x) =0, then by Rolle’s theorem f'(x) =0
would have at least a solution on the interval
]a, b[ which contradicts the result proved in
part a.
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c 11 L Exercise 2C
Y
104 f1(x) =x - In(x2 + 3)

© ~10 4

No maximun nor minimum points

4 Let f(x)=x"+ 3x — 2. This function is

continuous and differentiable on any interval of
real numbers. As f(0)=-2<0and f(1)=2>0
by Bolzano’s theorem the function must have at
least a zero on 10, 1[. As f'(x) = 3x” + 3 > 0 for
all x € R and therefore f” has no real zeros, the
function f'cannot have more than one real zero.

a Let f(x)=sin(x)for0 < x < % Then

F'(x) = cos(x), for 0 < x < %

fis continuous and differentiable for 0 < x < %

Therefore by the MVT, there is at least one value
of ¢ € ]0, x[ such that

(o) = f(x) f(O)

sin(x)

= f0) =

b AsO<c<x<£andf'(c)=&(x)

sin (x)

= cos(c) = it follows that

sin(x)

cos(x) < cos(c) < cos(0) = cos(x) < <1

for0<x<£.
2

a Let f(x)=¢"forx>0. Then f'(x)=¢",

for x> 0.

fis continuous and differentiable for x > 0.
Therefore by the MVT, there is at least one value
of ¢ €]0, + oo such that

Fe = LSO iy €

-0
AsO<c<xandf'(c):ex_1:> ol st
it follows that o
e -1

>l=ef-1>x=e*>x+1forx>0.
X
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b Let f(x) = In(x) for x> 0. Then f'(x) = &,
for x> 0. *
f'is continuous and differentiable for x > 0.

Therefore by the MVT, there is at least one value

of ¢ € |x, x + 1] such that

f()_M f'(C)

(x+1)—
_In(x+1)- In(x) x+1
e GRS
1 1 1
Asx+1>c>x>0=> —<=-<—and

x+1 ¢ x

x +1

f'(c):%:In( ;

j it follows that

ln(x+1j<lforx>0.

X X

c Let f(x)=tan(x)for0 < x < % Then

f0=—

,for0<x<£.
2

f'is continuous and differentiable for 0 < x < %

Therefore by the MVT, there is at least one value
of ¢ €]0, x[ such that

o =20 5 pio)

_ tan(x) — tan(0) tan(x)

= fie)=

AsO<c<x<£:>cos2(c)<1:>+>land
2 cos”(¢)

it follows that

f,(C) - COS12 c

tan(x)

>1:tan(x)>xfor0<x<%.

d Let f(x)= arcsin(x) for 0 <x < 1. Then
fl(x)=—, for0<x<1.
V1-x?

fis continuous and differentiable for 0 < x < 1.

Therefore by the MVT, there is at least one value
of ¢ €]0, x[ such that

fo =20 o p

__arcsin(x) —arcsin(0) oY — arcsin(x).
" = fO=—"
AsO<c<x<land f'(c)= ! =>1
it follows that 1-¢

arcsin(x .
arcsin(x) >1= arcsin(x) > x for0 <x<1.
x
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7 We need to show that f'(x) = g'(x) and it follows
from corollary 2 of Mean Value Theorem that
2(x) = f(x) + ¢ for some real constant c.

gkx)=

2 2
-2 _  (-»
(MJZ+1 (1+x) +(1-x)
1-x (1-x)
2 - f'(x)

N 2+ 247 N 1+ x?

8 We need to show that f'(x) > 0 for x € ]0, 2[ and
it follows from corollary 3 of Mean Value
Theorem that fis increasing on |0, 2[.

fl(x)=2xe" —x’e* =(2x — x°)e* > 0when

2x — x* >0, ie, forxe 10, 2[.

9 Consider A(x) = f(x) — g(x).

f'(x)=g'(x)= h(x)=0.
By corollary 1 of Mean Value Theorem
to a(x) = f(x) — g(x) and it follows that

h(x)=c= f(x) - gx) =c= f(x) = g(x) +c.

QED

10 Consider any two points ¢ < b in I. Then

fn =010 co= 1) - f@y <0

= f(b) < f(a)

Therefore, for any two values a < b which means
that fis decreasing on I.

QED
Investigation
a ¢cg.
x1l= | 2
n x2 f(x2) appro f(x2) Relative Error (%)
1 1.767766953 1.732050808 | 2.062072616
2 4 2.121320344 | 2 6.066017178
9 11 4.596194078 | 3.31662479 38.58046563
10 12 4.949747468 | 3.464101615 | 42.88690166
x1l= |2
n x2 f(x2) appro f(x2) Relative Error (%)
1 2.1 | 1.449568901 1.449137675 | 0.029757477
2 2.2 | 1.48492424 1.483239697 | 0.113571871
9 2.9 |1.732411614 1.702938637 | 1.730712821
10 1.767766953 1.732050808 | 2.062072616

WORKED SOLUTIONS

x1= | 2

n x2 f(x2) appro f(x2) Relative Error (%)
1 2.01 | 1.417749096 | 1.417744688 | 0.000310945

2 2.02 | 1.42128463 1.42126704 0.001237616

9 2.09 | 1.446033368 | 1.445683229 | 0.024219555

10 2.1 | 1.449568901 | 1.449137675 | 0.029757477
xl= |5

n x2 f(x2) appro f(x2) Relative Error (%)
1 5.01 | 2.238304045 | 2.238302929 | 4.99002E-05

2 5.02 | 2.240540113 | 2.24053565 0.000199203

9 5.09 | 2.256192589 | 2.256102835 | 0.00397831

10 5.1 |2.258428657 | 2.258317958 | 0.004901841

For this function the error decreases as h decreases and

as x, increases.

b

x1= | 2

n x2 f(x2) appro f(x2) Relative Error (%)
1 3 14.7781122 20.08553692 | 26.42411177

2 4 22.1671683 54.59815003 | 59.39941503

9 11 73.89056099 | 59874.14172 | 99.8765902

10 12 81.27961709 | 162754.7914 | 99.95006008
x1= | 2

n x2 f(x2) appro f(x2) Relative Error (%)
1 2.01 | 7.46294666 7.463317347 | 0.004966791

2 2.02 | 7.536837221 | 7.538324934 | 0.019735323

9 2.09 | 8.054071148 | 8.084915164 | 0.381500805

10 2.1 |8.127961709 | 8.166169913 | 0.467884016
x1= |5

n x2 f(x2) appro f(x2) Relative Error (%)
1 5.01 | 149.8972907 149.9047361 | 0.004966791

2 5.02 | 151.3814223 | 151.4113038 | 0.019735323

9 5.09 | 161.7703434 | 162.3898621 | 0.381500805

10 5.1 |163.254475 164.0219073 | 0.467884016
x1= | 10

n x2 f(x2) appro f(x2) Relative Error (%)
1 10.01 | 22246.73045 | 22247.83546 | 0.004966791

2 10.02 | 22466.99511 | 22471.42992 | 0.019735323

9 10.09 | 24008.84772 | 24100.79243 | 0.381500805
10 10.1 24229.11237 | 24343.00942 | 0.467884016

For this function the error decreases as h decreases but

does not seem to depend on x,.
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o3
x1= |2
n x2 f(x2) appro f(x2) Relative Error (%)
1 3 1.193147181 | 1.098612289 | 8.604936688
2 4 1.693147181 | 1.386294361 | 22.13475204
9 11 5.193147181 | 2.397895273 | 116.5710588
10 12 5.693147181 | 2.48490665 129.1090968
x1= |2
n x2 f(x2) appro f(x2) Relative Error (%)
1 2.1 |0.743147181 | 0.741937345 | 0.16306442
2 2.2 |10.793147181 | 0.78845736 0.594809616
9 2.9 |1.143147181 | 1.064710737 | 7.366925198
10 3 1.193147181 | 1.098612289 | 8.604936688
x1= |2
n x2 f(x2) appro f(x2) Relative Error (%)
1 2.01 | 0.698147181 | 0.698134722 | 0.001784539
2 2.02 | 0.703147181 | 0.703097511 | 0.007064333
9 2.09 | 0.738147181 | 0.737164066 | 0.13336442
10 2.1 |0.743147181 | 0.741937345 | 0.16306442
x1= |5
n x2 f(x2) appro f(x2) Relative Error (%)
1 5.01 | 1.611437912 | 1.611435915 | 0.000123948
2 5.02 | 1.613437912 | 1.613429934 | 0.00049452
9 5.09 | 1.627437912 | 1.627277831 | 0.009837403
10 5.1 |[1.629437912 | 1.62924054 0.012114399

For this function the error decreases as h decreases and
decreases as x, increases.

Exercise 2D

1l a
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’-3

. X X . 2x -3 3
Im=~—= =lim =--=-3
x>0 sinx x>0 cosx 1
2x _ —3x 2x -3x
lim £ _ lim2e_t3e " _ s
x—0 X x—0 1
lim cos(x) +2x — 1 — Iim —sin(x) + 2 _ 2
x—0 3x x—0 3 3

2x —x

e —e" -2

2" +e* 3
m =
x>0 1—cos(2x)

lim— =
=0 2sin(2x) O

—csc?(x) —csc’(x)
lim In(cot(x)) cot(x) cot(x)
7 In(cos(x)) - —sin(x) & —sin(x)
’ cos(x) cos(x)
1-¢" . 1—e"+xe* . 1-e+xe"
x( e):1 e. xe =11rncosx( .e xe*)
x>0 In(cosx) *—0 —sinx x50 —sinx
cosx
:hm—sinx(l —e" + xe) + cosx(—e* + e +xe”) ~0
x>0 —Ccosx

WORKED SOLUTIONS

- 1 2x

2 2
= lim—Y1=¥  _fjm V=X
x>0 2sinxcosx  *—~0 2cos(2x)

sin(2x)

. _x-—arcsinx
lim

x>0 sin’x

2x 2x :
e cos(3x) — 1 2e“* +3sin(3x) _£=+OO

-0 sin(2x) + x cos(2x) 0

x>0"  xsin(2x)

1+ cos(x) 1
2 =1
7 x°sin(x)

—sin(x) o

w7 2xsin(x) + x% cos(x)

2 —_—
im* =2 2.6
=l —x+2 2

liml —zcos(x) _ 1 — cos(1) » cos(1)
ol x" 4 x 2 2

In both parts a and b there is no indeterminate
form and therefore L’Hopital Rule cannot be
applied, ie, this is not a valid method to find

these limits.

x5+
Iim—==lim——— =+
x40 4+ 1 X+ 4
2
lim—* =lim—* =lim L =1 =0
X+ x(e"’C + 1) x>+ ¥ 4 ] x>t @ 400
ex
im E Dy €L € o
xote x4 3 x—>+oo 1 x—+e0 @F
1 , 1
f@=Ls =%
pa X

.. fis continuous and differentiable in any
interval
of its domain R \ {0}

gx)=(x-17 =g =3(x-1y
.. g 1s continuous and differentiable in any
interval of its domain R

Applying Cauchy’s theorem (corollary of MTV)
to fand g on the interval [1,3]

—gx3(x—1)2:—£2:>x2(x—1)2=4
3 x

Sxx+1)=X2=2x2-x+2=00rx*-x-2=0
1+41-8 1£V1+8
X=— o orx=———

=>x=2o0rx=-1
no real solutions

Therefore there is exactly one solution on the
interval |1, 3]

5 a f@=x-3x=>f(x)=32-3

.. fis continuous and differentiable in any
interval of its domain R

) =x-1Y=gx=2(x—-1)=2x-2
.. g is continuous and differentiable in any
interval of its domain R
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WORKED SOLUTIONS

b Applying Cauchy’s theorem (corollary of MTV) e Indeterminate form: 0°

to fand g on the interval [-4, 2] we would . ) . lim In(sin(2x))**
conclude that the equation had at least on }1_%1 (sin(2x))™ = e* and
solution in the interior of the interval. Insin(2) 2cos(2x)
. . x . . 1 2x)
3 3 lim In(sin(2x))’? = lim 2EX) _sin(2x)
¢ W=D _ Mg, 1y- g3 - RS .
35 -3 64 3y T3
= 9x? — 16x — 43 = 0 which has no real . 6x” cos(2x)
solution. = sin(2x)
d Cauchy’s theorem cannot be applied in part b ) .
because f” has zeros on the interval given. _ lim | _12%cos@2x) +12x7sin(2x) | _
. ¥>0° 2cos(2x)
Exercise 2E
. P : 3x _ 0 _
1 a Indeterminate form: oo x 0; }1_{51 (sin(2x))* =€’ =1
3 3
I T S -  {e
lim2e * = lim % = lim—*— =0 f Indeterminate form: 1
x—=0" x x>0 e; x>0 _le; s . In(1+x)% . 5
2 lim (1+x)r =e= and lim In(1+ x)*
x—0" x—0"
b Indeterminate form: o x 0; .
3 _ I
limarctan(x — )e*! = lin}%(fl) —5%im M —5]im Lt% 5
x—1 x—1 eiﬁ ¥ 0" x 20" 1
1 3 5
. (x=1)7+1 . 1 . et o lim(1+x)* =€
= lim—~"—~*—— =1lim o lim X507
x—-1" 3 7% x—1" (x —1)2 +1 xo1 3
(x-1) (x—1) g Indeterminate form: oo x 0
s s o lim(2x cot(5x)) = lim —2*— = lim — 2 =2
_726;:—1 il . ex-1 x—0 x—0 tan(sx) 0" 5 5
L cos’ (5)
e o2 h Indeterminate form: 1=
(x=1 (x-1 (x=1) ooy ntien
. limIn(e — x)®® = e and
¢ Indeterminate form: o x ( 20 (e-x)
. . . In(x)—cot(x _
lim(sin(x))(In(x) — cot(x)) = hn}% lim cot(x)In(e — x) = lim In(e — x)
x>0 x50 . x50 =0 tan(x)
sin(x)
1
1 1 sin’(x) - x - 2
S o e—x _ 1 cos“(x)) 1
— im X sin’(x) o xsin’(x) B £1§(} 1 B %}(‘ﬁj T e
0" cos(x) 0" cos(x) cos?(x)
sin’(x) sin®(x) 1
. . 1 cot(x) _ . e
_ lim x—sin’(x) _ L L= 2sin(x)cos(x) _ £1£r(} In(e-x)"" =e
0" xcos(x) x-0" cos(x) — xsin(x) .
i Indeterminate form: 1-
d Indeterminate form: 1~ L) e e
. 2 ey lim(e” ") =™ =e™ el =
Iim(x + e*)* = e and )
x>0 k Indeterminate form: o — oo
2
. Ny . In(x+e") . ) .
limIn(x+e*)* = 2lim ———— lim (In(x) — In(sin(x))) = In| lim d
x>0 x>0 X x—0° =07\ sIn x
1+e” 1
:21im%:4 :ln[ﬁlrl—g}(cosij:hllzo
x—0
2 L Indeterminate form: co X 0
slim(x+e’)r =et
0 lim (x e*) = lim % = lim —— =0
X—>—0 x—>—0 e Xo-0 —e
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m Indeterminate form: oo — oo

lirg)q(ln(e" + 1)— In(e* — 1)) = In[lim

x—0" ¥
- 1n[1im[in ~In1=0
x=0"\ e

n Indeterminate form: o X 0

lim (xsin(l)j _ lim Sm@

X—>+0 X xX—>+0
X
1 1
——; Cos )
. X X .
= lim —><=1lim cos(—j =1
X—>+0 X—>+00 X
xZ
0 Indeterminate form: oo°
1
. 1 lim In(1+x)*
Iim(1+x)* =e~ and
X—>+0
1
1
. - . In(l+x .
lim In(1 + )7 = lim PAEH) _ g Lo
X—>+o0 x>+ X e |

1
Slim(1+x)r =€’ =1

X—>+00

2 aa :hm(—“n@")j _ 1im(—3cosl(3x)) _3

x—0 X x—0

1
b lim(b - x) = lim(e" + 4x)*

e’ +4
. In(e*+ 4x) . e¥idy
11m+7 11m+f 5
= b — exal) X — exa() —e
c c= lim(—l_ C(;S(x)) = lirn(—3 s1n(x)j
x—0 X x—0 2x
— lim —3cos(x) _ 3
x>0 2 2
3 a i 1.1 I3 Exercise 2E </
Y
44 1\
- N f1(x)=(1+;
200 - e 2 /1
6-5-4-3-2-ff 123 45 6 X
24
34
® 44
; lim f(x)=e
X—>+0
In(1+ /)
b o) =200
1
c hmM = hmﬂ =1.
h—0" h -0t 1
A lim g(/) 1
Therefore lim f(x)=e"° =e =¢€
X—>+0
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e’ +

e

Exercise 2F

1 lim(ax’ —x)= lirg;(x3 +bx)

x—2"
=>4a-2=8+2b=>2a—-b=5
and lim(2ax—1) = lim(3x2 +0b)
x—2" x—2"
=4a-1=12+b = 4a-b=13

Solving simultaneously we obtaina =4, b= 3

2 1imS ! limr+3) = im % =3=a=3
x—0" X x—0" x-0" ]
and lim @ =€ =D _ iy
x—0" X x>0~
ax 2 ax ax 2
jhmae + a xe ae :bja_:b
x—0" 2x 2
Solving simultaneously we obtaing = 3, 5 = %
3 lim(In(ax)) = lim (arctan(bx)) = In(a) = arctan(b)
x—1" x—1"
imt=lim—2  =1=—0 14 =p
ol x a1+ bPx 1+0
which has no real solution
Exercise 2G
2
1 Aslim X T2 i 2842 iy 2 () then
x>0 @t 4oy X+ 3e 41 x>+ Q¥
2
lim n tﬂ2n+ 1 ~0
n—>+w0 e + n
1
e
arctan (] 1+i 1+E
2 Aslim 2" = lim —3~ = lim —%- =1
n(1+xj —7 +—
1+g
)
arctan| —
then lim ———"/ =1
n—>+0 2
1n£1+}
n
x 1
. 5 % lim @ Jim 12¥=*1n2 2
3 Aslim (—j =e~r * =evr r =eov ]

n—>+o

=e 2= 1 then lim (ij _1
2 2

Review exercise

1

a Consider the function defined by f'(x) = 2
arctan(x) — x. The solutions of the equation
2arctan(x) = x are the zeros of f, Suppose that
a < b are two consecutive zeros of f Then by
Rolle’s theorem f” must have at least a zero

Calculus: Chapter 2
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on the interval ]a, b[(as fclearly satisfies the
condition of being continuous and differentiable
on any interval of real numbers).

, 2
Asf(x):1+x2

fcan have at most a zero on
]—eo, —=1[, a zero on |-1, 1[ and a zero on |1, +oo].

£(0) =

. x =0 1is solution of 2 arctanx = x

=0=1+x"=2=x=+1

Therefore the equation has exactly one solution
on |-1, 1].

Let f(x) = cos(x) — 2x. Then f’(x) = sin(x) — 2.
f’(x) = 0 = sin(x) = -2 which is impossible.

(1) As fis continuous and differentiable on any

interval of real numbers and f” has no zeros, by
Rolle’s theorem, f has at most one real zero.

2)Asf(0)=cos(0)—2x0=1>0and

f[%]zcos[%] -2x % = \/Ez_ﬂ <0, by

Bolzano’s theorem, fhas at least a zero on

bl

By (1) and (2) we can conclude that f has exactly

T
a zero on }0, —[.
4
) 1 g InCcos(x)-2x)
lim(cos(x)—2x)* = e  ~*
x—0

—sin(x)-2
cos(x)—2x

lim

= g0 1 — 6_2

lim (cos(x)—2x) = —o0

Consider the function defined by f(¢) = sin ().

fis continuous and differentiable in any interval
[x, y], x <.

By MTYV, applied to any interval [x, y], x <y
f(x) - f ()

= f'(c) where ce ]x, y[

Therefore

S -S| _ o
s MG

=)= fW =@ |x -3, x<y

As f'(t) = cos(t) and |cos(t)| < 1 for any real
)= fW)|=|f'©)]-|x~ ]

=|f) = f)| =]x -y QED

value of ¢,

b Consider the function defined by f(¢) = Jr.
fis continuous and differentiable in any interval
[x, 9], 0 <x<y.
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By MTYV, applied to any interval [x, y], 0 <x <y
fx) - f()

= f'(c) where c e ]x, y[

Therefore

f(y)_f(x) — f’(C)
y—x

=>f(y)—f(x)=f'(6)'(y—x),0<x<y
As f1(£) = f 1 L S forany

t

realvalueoft O<x<t<y

Jy —x=— [ -y 1)
1
j—m-(x—y)ﬁ\/;—\/zﬁ—m-(x—y)

__< < _
:>x2\/, y <Jx

ED
\/; Q

Consider the function defined by f(¢) = In(x).
fis continuous and differentiable in any interval
[x, +eo], x> 0.

By MTYV, applied to any interval [x— 1, x], x > 1

S - flx=1) _ B
m_f(c)wherece]x 1, x|
S - flx=1) _

x—(x-1) =/

= f) = flx-D=f'(),0<x-1<c<x

1

Therefore

As f'(t) = % and i

valueof , 0 <x—-1<t<x

In(x) — In(x — 1) = % = h{x" J <- L 3

x>1. QED

Consider the function defined by f'(¢) = sin(x).
fis continuous and differentiable in any interval
of real numbers.

By MTYV, applied to any interval [0, x] c {0, %}

S&)=-£O) _ f'(c) where ¢ € ]0, x[ = {0, Z}
x-0 2

S-S0 _

Therefore —————+=

=>f(x)—f(0)=f(€)'x,0<6<x££
As f'(t) = cos(t) and 0 < cos(¢) < 1 for

\S]

O<t<x<Z
2
sin(x) — sin(0) = cos(¢)-x = sin(x) < x,
0<x<Z.
2
As sin(0) = 0, we have sin(x) < x, for

Ost%. QED

Calculus: Chapter 2
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5 Let f(x) = cot(%xj, xe]0,1[.
x J
nx)
tan| —
2
x>0 5 (ﬂx] T
—sec” | —
2 2

b lim(In(e"+ x)/*?) = lim Iner+ x)

0
=Y tanl FX
2

a lim(x- f(x)) = ggg{

e+ 1
. e+ x 2
:llm = — = —
S0 onx] m
2

Let f be an even function defined on
[—a, a], aeR"

Then f(—x) = f(x) for any

x €[-a, a], a € R". By definition,

f!(x) — lhlmf(x+h21_f(x)

—0

= lim LEF =M=/ (f even)

h—0 _(_h)
= lim S(=x—-h)- f(-x)
70 —(~h)

— 1im LEFEPSED ey which

-h—0 —h

shows that f” is odd.
ii Letf be an odd function defined on
[-a,a],aeR".
Then f(-x) =— f(x) for any
x €[-a, a], ae R". By definition,

) = i LX) = f(x)
£ = lig )

— lim LD (fo4q)

A0 —(=h)
i SCE =)= f(x)
h—>0 —h

= lim f(—x—h)—f(—x) — fr(_x)

-h—0 —h

which shows that f” is even.
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QED

QED

b

e.g.

Let f be an even non-constant function
differentiable (and therefore continuous) on
[-a,a],aeR". As f(-a) = f(a) by the
Mean value theorem , f” has at least a zero
on|]-a,d[,a e R" and, by a, as f” is odd one
of these zeros is at x = 0 where f’ changes
sign and therefore fhas a maximum or a
minimum at x = 0.

Let f be an odd function differentiable (and
therefore continuous) on [—a, a], aeR".
Then by a, as f’ is even and f'(-a) = f'(a) by
the Mean value theorem, f” has at least a
zeroon |-a,a[,a € R" and, by a, as f” is
odd one of these zeros is at x = 0 where f”
changes sign and therefore f has an inflexion
point at x = 0.

Let f be an odd function) on[-g, a], a € R".
Then the graph of fintersects the line y = x
at the origin as f(0) =0 .

Suppose that the graph of intersects the line
y=x atx =be]0, al, ie, for
x=b=y=b= f(b)=>.Butthen
x=—-b= f(-b)=-b= y =-bwhich
means that the graph of intersects the line

y =xat x = —be[-aq, 0[. Therefore the graph

of f intersects the line y = x and odd number
of times (at the origin and at pairs of points
with coordinates (b, b) and (-b, —b),

be ]O, a]. QED

/

7
’
’

Applying the Mean value Theorem to the

interval [-b, 0], with b € ]0, ] as in part ¢, we

haVC f,(C) — f(b)—f(O) —

[0’

b

) =1force]-b, 0.

b-0

As f1is odd the same occurs on the interval

b].

Calculus: Chapter 2
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WORKED SOLUTIONS

Skills check 3 a %(x ~D)=¢* —In(l) = &
1azxe+x=loxed=1-x"=¢
5 5 dy T . (2n NE)
1-x 1-x b =|x=—|=sm|—|=—
- = y=In du 3 3) 2
x+1 x+1 x+1 Exercise 3A
b In|=——|=2x=>"""=¢ =
y y e”
ory = (x + e 1 | EquaTiON LINEAR ORDER COEFFICIENTS
1 YES 3 Constant
c tan(fj N N y = il 2 NO 1 Constant
r/ oy 4 Tz 3 YES 2 Variable
(assuming principal restriction) 2 NO 1 Constant
d arccos(xy — 1) =2x = xy — 1 = cos(2x) 5 YES 1 Variable
cos2x + 1 6 YES 1 Variable
=r= 7 NO 1 Variable
2 x o2 X
2 a Ixedx—xe—ijedx 2a y=e‘=y=—e"

=x%e" - 2x e —I e*dx)
i xe—2xe*+2e*+cor(x¥*-2x+2)e +¢
ii jsin(Zx)-e"dx =sin(2x)-e” —2[cos(2x)-e"dx
= j sin(2x)-e*dx
= sin(2x)-e* — 2(cos(2x)-e” —ZI sin(2x)-e*dx)
=5 _[sin(Zx)‘e"dx = (sin(2x) — 2cos(2x))-e* + ¢

= Isin(Zx)-exdx = é(sin(Zx)—Zcos(Zx))-e" +c

‘|

As Jldu =Inly| + ¢ thenjidx =In
u e’ -1

ivj

e}(
e -1

dx:jlduwhereu:e"—lzdu:e"dx c
u

e"—1|+c

cos(x)

dx = Jizdu where u = sin(x)
u

sin’(x)

= du = cos(x) dx

3 a
Asfizdu:—l+cthenj%(x) =——
u u sin”(x) sin(x)
I-(x-1)—x-1 -1 -1
b i y-— (x -1y _ (x -1y _ (x—1y
R \/(x—l)z—f \/—2“1
_(x—lj (x-1) (=1
N
|x—1|\/1—2x
sin(2x)
sin®(x)+1
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Substitute into ' + y =0toobtaine ™ —e* =0
which is true for all x e R

.y =e " is solution of the differential

equation y'+ y = 0.

y =sin(x) = y' = cos(x) = y" = —sin(x)
Substitute into y” + y = 0 to obtain
—sin(x) + sin(x) = 0 which is true for all x € R

. y = sin(x) is solution of the differential
equation y" + y = 0.

y=xe ' =>y =e"—-xe”

X

Substitute into y' + y =e *toobtaine ¥ —e * =0
which is true for all x e R

-y = x e " is solution of the differential equation

y+y=e.

Differentiating implicitly e” + x + y = 0,
yerrxer Lu14 Py
dx dx

SAx e Y o1 ye)
dx

__1+ye"y

-

ED
o Q

1+xe”

Calculus: Chapter 3




b Differentiating implicitly x* + y* = #*, r constant b

dy

2x+2yd—y=0:>yd—y:—x:>_=_£QED
dx y

dx dx

Investigation

1 Forexample, y =e* = y' =e".
Substitute into y'— y = 0 to obtain e* —e* =0
which is true for all x e R .. y = e” is solution of
the differential equation y' — y =0
For example, y = 2e* = y' = 2e".

Substitute into y' — y = 0 to obtain 2e* — 2e* =0

which is true for all xe R

. y = 2¢" is solution of the differential equation
y-y=0

In general, y = Ae™ = y' = Ae”.

Substitute into y' — y = 0 to obtain 4e* — 4e* =0

which is true for all x e R

..y = Ae” is a general solution of the differential
equation y' — y = 0.

When x =0= y=3= A4e’ =3 = 4 =3.

.y = 3e” is the particular solution (curve) that
contains the point (0, 3).

dy

1 1 d R
2 Forexample, Y =—— = — =—

- = =

x dx «x dx =
Forexample,yz_L:d_yz 1 v _

x-1 dx  (x—1) dx
Ingeneral,yz_Ljd_yz 1 & _

x+k dx (x+k)2 dx
When x = 1= y=1=1=- ' = k=_2.

1+ %

YT x=2
contains the point (1, 1).

3 No solution as (y'(x))? =0

Exercise 3B

1a ¥orirox=t4 4
dr 2 2
.

dx=;3y=1n|x|+c

c 92 _ xcos(x) = z = xsin(x) —J'sin(x)dx
dx

= z = xsin(x) + cos(x) + ¢

d d—wzxez" o=ty ez"—ljez"dx
dx 2 2

2x

1 1
—w=-xe*——e* +¢

2 4

d—y=3x+x2:y=§x2+lx3+c
dx 2 3

3 1 13
D=d=>>"+-+c=4=c=—=
(@) ,tyte €=

. 3, 1 5 13
Ly=Sx+ x4+ =
2 3 6
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is the particular solution (curve) that

WORKED SOLUTIONS

-X 1 -2x

= y==
4-5 2 )\a-«*

u=4—-x>=du=-2xdx

b _
dx

dx

1 1
=—|—=du=y=+u-+c
Y ZJ‘\/u 7

Ly=4-x* +¢

y0) =14 +c=1=c=-1
Ly=4-x* -1

x+2

- %sin(x) — = fﬁdx - %Jsin(x)dx
y=Inlx + 2|+ %cos(x) +c
y(0)=2:>1n2+%cos(0)+c=2

:>c=%—ln12 3
Y =ln|x+2|+5cos(x)+5—ln2

4 y =sin(kx) — kx cos(kx)
= jx—y = k cos(kx) — k cos(kx) + k>x sin(kx)

2

= jx—y — kxsin(ky) QED

N :y:f[e-zx_ 1 )dx
x—1 x—1

Ly = —%e’z"— Injx -1+ ¢

y .

y(0)=1:>—%—1n1+c=1:>c:%

Ly = —%e’z"— In|x —1| +%

6 a d—V:8:>i(é7rr3 =8
dr dr\ 3

= 4rxr? %zS[: dr —Lj

E_ﬂ'rz
b Q:L:J‘rzdrzgfdt:lﬁzzwrc
dt  nr? T 3 n
r)=5=1x125=2 4= c=12_2
3 b 3

Dl 2,015 2 8 1125
3 T 3 T T
7 v= 12:>§= 12:>s= 12dt
2+t dt 2+t 2+t

: s—iarctan (Lj+c
B 2 V2

Calculus: Chapter 3




Exercise 3C

1 a dy—y 3:d—y3:dx

dx y -

ﬁjﬁdy=jdx:>1n|y—3|=x+c

ly-3=e""=>y=4»e"+3

__ T

d« 3"+ y-1
=[G+ y-1ay

yZ
dx:>y3+7—y=x+c

c d—y=y2+4:> zdy —dr = (Y - (dx
dx y + 4 ¥+ 4

= 3y’ +y-Ddy =

l arctan (Zj =x+c
2 2

d dy =2y +1:>—=
dx

:lJ 2 dy:de
2)2y+1

l1n|2y+1|=x-|—c

“friaoefo

dy 2 dy
Yoo By -1 =>—P
¢ 4 Cy=D= 56,1

:jd—y :de
cos’(3y —1)

1 dy

3 jcosz(3y—1) —jdx
% arctan 3y —-1)=x +¢

)
£ d_y:1+51ny cos y dy = dx
dx cosy 1+sin’y

:>jLSJ; dy :de
1+sin”y

coarctan(siny) = x + ¢

2
d_y:iﬁjydy=3jexdx:>‘y_:3ex+c
dx y 2

To check answers, differentiate both sides of the
equation, e.g.

2
i(y—J dx(3e Jrc):ya 3e*

2 a e’

dx\ 2
:;e"‘d_yzi
dx y
b 2P 250 g2y
y-1ldx y

}—dy f dx

5|y -1 =2In|x|+c= (y-1)° = 4x°
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d—yzzzldyzldxjfldy:jldx
dx x y x y x

s In|y|=In|x|+c= y = A4x

d 241 1
_y:——y2+ =>——dy=——
dx x°+1 y +1 x°+1

1 1
= dy = - dx
fyz+l 4 sz—i-l

- arctan(y) = — arctan(x) + ¢

or y = — tan(arctan(x) + ¢)

e—xd_yzz_x: ydy:ijexdx
dx

- =2xe -2 +c= yr=4(x-1e* +¢

1
y=-2|-—d
Joe

soarctan(y) = — = + c
X

(1 + cos(2x)) G _ 2sin(2x)y = 1 dy
dx y

_ 2sin(2x)

1+ cos(2x)
jdy J‘ 2sin2x
1+c052x

= In|y| = - In[l + cos2x| + ¢

c

1+ cos2x
y0)=1=c=2

2 2
ST o Y T T
1+ cos2x 1+ (2cos”x—1)

sy =sec’x

1+x%) y—1+y :>11

= Jer ol
1+ y? 1+x°

= arctan(y) = arctan(x) + ¢

y(0) = 2 = arctan(2) = arctan(0) + ¢

.. ¢ = arctan(2)
. ¥ = tan(arctan(x) + arctan(2))

x+2
1-2x

Calculus: Chapter 3
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c ¢

dy 1 _
= +1= :>—d =e"dx
1 y=—dy

y
:>—dy f *dx
y—1

1n|y—1| =

-e“+c

y0)=2=Inl=-¢e"+¢

.0 =

1

Slnjy-1=1-¢"

av _ d(4
4 a = —|—nr’' |=8
dr dr \ 3
d d 2
=4t L og =Y ==
dr dt nr
2 1 2
b ﬂ=i:> rzdr:—Jdt:—r3=—t+c
dr nr? T 3 T
1 2 125 2
r)=5=>-x125="+c=>c="-=
3 T 3 T
1 2 125 2 6
o=t 22 S =32 -1+ 125
T T T
d . . .
5 a Ey = e ?1is not a variable separable equation
because it cannot be written in the form
dy _ f(0)
dr  g(»)
b andc
I e —
[ T \% ———————
I T O B B R B
(I O A A I
L —
— g — /4 Ialegl & |
/2 I T I
****** e I A O O
fffffff [ T I O
\ -6
» — — — — — — L
6 a ) Vs
N ; ]
X 1
\ — é{wﬁf"‘
-;?ﬂ%s 33"
-2 -1 X /
JIN ’
rl |
b <> Eergise.’i
SRR NN \\\\\\sz/////
NANSNNANNA s NN
\\\\\\A//////f \\\\\\QV——//////
A A ) FRA R LV LANANNE 7 /]
86 -4 25|\ 2468 T
//////_:(/JJ\\\\\\ ﬂ—) i—sﬁ-éf%f,\ \\G\éi\
/gl vV VNN ) /= ~N NN AN
/ /7 11 -g4) VvV VAN /////_i ~ N N N N\
® [ N \ &~ — — O~ — ~ ~ N\

~

>y

\\\\Ti‘////
-~ = I BN NN

L.
\N === -7

SNNNYHL s o

d Ateach point (x,y), x # 0, y # 0 the gradients
of the tangents to the solutions of each DE are

givenbyd—yzz—yandd—yz—i
dx «x

dx 2y
x 2y

orthogonal at these points.

—1 these tangents are

WORKED SOLUTIONS

7 a f"\\ <> Exercise 3C ~
YA
6
A 4]
=" S S
— — T T T T T T
=5l == 110-8 -6 14529 2 4 6 81
_44
Sl p
X ]/ ®
b YA <im > Exercise 3C o=
M/ 3
3 / i'
\\, | 7 1
\ | / -
V| Bou2d 24680
—2 - 4 X ‘4'
- \ ® 6
ko)
// \ \\
A
Short investigation
year annually monthly daily hourly continously
40 4,115.19 | 4211.61 | 4220.40 | 4220.68 | 4220.70
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Exercise 3D
In2

1 The model is Q(¢) = Qe **

Q(t)=055-Q = Qe

1n2
=0.55- - =0.55
Q= 5568
=t =4800 years
In2
2 The model is Q(t) = Q,e %
_In2,
Q) = 0.55-Q, = Qe ¥
In2
=0.55- —~ +t=0.55
0.55-Q, = — 5530

= t = 4770 years

Calculus: Chapter 3




v 0.000157

—0.00015V :»f% _ —0.000ISJdt

= In¥ = —0.00015¢ + ¢
. V _ V e—OAOOOISt
V=V,
7(2) = 0.0008 = ¥,e 0012 —
= ¥, = 0.00080024... < 0.001

So, the driver’s blood alcohol rate was within the
permissible limits.

0.0008

4 Y _00004P050-P)>—92 L 4
dr P50 — P) 2500

=f L dr
2500

L[, U ypo L
250 P 250-P 2500

f dP
P(250 — P)

Jar

1 1 1

f—+—dP dt:ln‘—‘:it+c
P 250-P 10 250-P| 10
P :AeO.lt

250 - P

P0)=35= A=
43

| P
1250 - P

- 473 “and P(f) = 240 = ¢ = 49.93...

i.e., approx. 50 years.

dPp 0.03
—=—P=
de 1+¢ P

P(0) = 100 = A = 100

ar _ %dt =P =41+ )"

P =100(1 + £)** and P(10) = 100 x (11)°*

= P(10) =107.459...
. 107.46 euros

b P=100(1 + £)"
P(10) = 100 x 11%

c i—P—(o 01+0001t)P:>——(0 01 + 0.001¢)dt

dpP
J? = J(0.0l + 0.001t)dt

— In|P| = 0.01t + 0.00052 + ¢
P(0) = 100 = ¢ = In(100)

1006040114-0.0005[2

P=

P(10) =116.183... =116.18 euros
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WORKED SOLUTIONS

6 a m—zmg—levz:ﬂzg—ﬁv2
dr m
=g dvk =dr
gz_givz
m
k
o= g—:>—2g22dv=dt
m g -awv
1 1 1
As Zgzzz—( + ]the
g —a’v 2lg—av g+ av

equation can be written as

[ LR ]dv:Zdt
g—oav g+av

b j%di} Zfdt :>J‘( 1 + L jdV
g —a’v g—-av g+av

=2 (L8 _ 2y oo 8O —AW'
a |g—av g—av
Ae © -1
Vzéel—z
—t
Y ged 41
limve) = £
Exercise 3E
12 Y, 3y=¢”
p(x) q(x)
[3ax ix
I(x)=¢'" =e

Multiplying both sides of j—y + 3y = e by I(x),
X

e Y 37y = = i(e3
dx dx

which is an exact DE

x_y):eSx

eSx

1
-yzjes"dx:>e y=3 —e"+¢

1 2x —3x
Sy =—-€"+c-¢
775

dy ot
b a+(2x+1)y_ew_/

p(x) q(x)

2+X

I(x) _ J. 2)(+1 _ ex
Multiplying both sides of - + Cx+Dy=¢e~
by I(x),

—x2

X

d x?4x
= ( »)

e b +Q2x+De Ty =e" =
dx
which is an exact DE

2
e +"-y:.|‘e"dx:>e"“‘-yze"+c

Calculus: Chapter 3




WORKED SOLUTIONS

c d—y-l—l-yze'z"cos(x) 2 a d—yzx—y:d—y+y:x
dx 1;(;) T dx dx
I(x):ejldx:e" I(x):efldx:e"
o . d ox C .

Multiplying both sides of ay +y =e ™ cos(x) Multiplying both sides of Y + y =c by I(x),
by I(x), dx

d d L dy X » d, ., e

1 ety = e y)=e* ef——+e'y=xe"=>—(E"-y)=x- hich is
et ely=e cos(x) = dx(e y) = e cos(x) i y dx( y)=x-€Ww
which is an exact DE an exact DE
€y :J‘eix cos(x)dx cet -y =Ix-e"dx =e"-y=(x—1)e"+c(use
—e'y= %efx (sin(x) — cos(x)) + ¢ integration by parts)

(use integration by parts) Ly=x-1+c-e

Ly = %e’“(sin(x) — cos(x)) + c-e™* yO)=-2=-l+c=-2=c=-1

. Ly=x—-1-¢€"
y = Ee”‘z (sinx —cosx) + Ae™™ d
b <2 y =sinx
dx
x2
d y= (7 + cj Ccos x I(x) = eI—de e

& + tan(x)-y = cos(x) iplyi i dy i
» y = cos(x Multiplying both sides of —— — 2y =sinx

p(x) q(x) by I(x), dx

tan(x)dx _In(cos(x

I(x)= eJ = ¢ ") — gec(x) e 2x % —2e %y =e**sin(x)
Multiplying both sides of % + ytan(x) = cos(x) d . Y
by I(x), = a(e y) = e sin(x)

which is an exact DE

sec(x) - jx—y + tan(x)sec(x)-y =1 = a4
ety = Je‘zx sin(x)dx

dx
(sec(x)- y) = 1which is an exact DE .
= ey ==(=2sin(x) — cos(x)) e + ¢
cosec(x)-y =j1dx = sec(x) -y =x + c(use 5
integration by parts) »0)=0=c= %

Sy =(x+c)-cos(x)
y = L(C2sin(x) - cos(x) + €2*)
dy 5

e — + cot(x)-y = cos(x)
" " c Y, x+1)y= eé
x)dx i . dx
I(x) = eI I _ ehnsinte) _ sin(x)

(x+1)dx £+x
Multiplying both sides of % + ycot(x) = cos(x) I(x) = el =e?2

2

by . . i

y 10, Multiplying both sides of % +x+)y=e?
sin(x)d—y + cos(x)- y = sin(x) by I(x),

dx . ) 2
d Ginen) ) = si hich i t DE ex7+xd—y+ex7”(x +1)y=e":i(e7+xy)=e"
= a(sm(x) y) = sin(x) which 1s an exac dx dx
sosin(x)-y = jsin(x)cos(x)dx which is an exact DE
lsin(Zx) 2 5

2 —tx X +x

= sin(x)-y = —icos(Zx) +c

y0)=2=c=
(L . L
..y—( 4cos(2x)+c) csc(x) y=e 2 +e ?
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WORKED SOLUTIONS
dy

3 a X oty = P+ x= %(xy) =x’+x d (sin(x))% + (cos(x))y = tan(x)

.. the equation is exact.
q N di(sin(x) y) = tan(x)
X

d
a(xy) =x"+x = xy =I(x2 +x)dx .. the equation is exact.
d , . .
RN —(sin(x)y) = tan(x) = sin(x) y :jtanx dx
=Xy = ? + 7 +c dx

= sin(x) y :=Itan(x) dx

X X c .
y="—+4+= = sin(x)y = —Inlcosx| + ¢
3 2 x
dy , dy 1 Sy = M or y = (Infsec(x)| + ¢) csc(x)
X—+y=x"+x=>-"+ — -y=x+1 sin x
dx & xS iy
p(x) 1 = —
.. the equation is linear (Sm(x))dx +(cos(x) y = tan(x)
dy
dy . . . d : . = — + cot(x)-y = sec(x)
b (x+ l)a + y =sin(x)e* = a((x + 1)y) = sin(x)e R re
~. the equation is exact. .. the equation is linear
d . M . x 2d_y 2. d_y _ 2) ., _
S (Ge+ D)) =sin(x)e = (x+1)y = [sin(x) e*dx 4a x ——xy=y=—-(1+x7)y=0
1. .. the equation is linear
=(x+1)y==(sinx —cosx)e* + ¢ .
2 [rrse el
. I(x)=¢e =e 7
_ sinx —cosx c, € d
2(x +1) x+1 Multiplying both sides of d—y ~1+xH)y=0
in(x)e" by I(%), *
(x + l)d—y+y = sin(x)e* = Y + L, _sine Y
dx dx x+1 x+1 e+l dy 2 _xsl d ( e+l )
(%) (%) e "a—(l+x )C xy:Ojae y =0
.. the equation is linear which is an exact DE
dy : —xsl L
c (cosx)a—(smx)y:cos“x e y=Ad=y=de~
dy _ 2 dy _ -
zi(cos(x)y):cos“x w y:a—(x + Dy
.. the equation is exact. - b _ (x%+ 1)dx
%(cos(x) y) = cos* x = cos(x) y =J‘cos4 x dx .. the equation is variable separable
2 jdy—J(x2+l)dx:>1n|y| ! +x+¢
2 - = =——
As cos’ 1 — (1+cos(2x)j _ 1+2cos(2x) +cos’ (2x) y X
2 4 1,
Ly=AHAde~*
_1 + lcos(Z;vc) + l(1+cos(4x)) 7
4 2 8 5 dy dy «x
3 1 1 b (x +1)d—_xy=0:>d—_2—1y:0
==+ =cos(2x) + —cos(4x) X X X+
8 2 8 .. the equation is linear
3 1 1
= cos(x)y =|= + =cos(2x) + —cos(4x) dx e nkea)
()y =[5 + 5 cos(2x) + Scos(4x) O = S
3 1 1 x? +1
= cos(x)y = gx + Zsin(Zx)+§sin(4x) +c 4 B
Multiplying both sides of <2 — ———y =0
31 1 by I(x) v arl
Ly = (—x + —sin(2x) + —sin(4x) + c)sec(x) ’
8" 4 32 1 dy o« Lo

2 dx xP+1 2
(cosx)%—(sinx)y:cos4x:jx—y—tan(x)-y:cos3(x) Va1 Va1

) e N i£_1 y] -0
.. the equation is linear dx (x> +1
which is an exact DE
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! y=0=A=y=AVx* +1
¥t +1
dy x dy x
= _ =0= = =
w41’ dr %’ +1
Lo
y  x +1

.. the equation is variable separable

J%:sz’ildx:mﬂ:%ln(xu1)+c

Ly =AVx’ +1

c ld—y+2y=3:>d—y+2xy=3x
x dx dx

.. the equation is linear

Jorae

I(x)=¢"" =e

Multiplying both sides of & + 2xy = 3x
dx
by I(x),

x2

e dy +2xe* y = 3xe” = i(e"2 y) = 3xe*’
dx dx

which is an exact DE

x2

e y=%e"2+c:>y=%+Ae”‘2

%+2xy=3x:>%=x(3—2y)

3-2y

.. the equation is variable separable

J;—);y = jxdx = —%1n|3—2y| = %x2+ c

Jd_y = dex = —lln|3—2_y| = lx2 +c
3-2y 2 2

= In[3-2y|=-x"+¢

—3-2y=e""

—2y=3-Ade "

3 2
==+ Be™
Y73
R N .
y dx u” dx

= jx—u — xu = —x which is a linear equation of the

form 3% p(u=qu).
dx

j—xdx _ e*;

I(x)=e

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

Multiplying both sides of % = —x by I,

< dy s s (,ﬁ) =
e Zd——xe ‘u=—xe 2:>d—e 2u)=—xe ?
X X

which is an exact DE

x? x? x?

2y=e?+A=u=1+ Ae?
Es 1
=1+4de? = y= =
1+ Ade?

-
1
y

yD=2=2=

1

1 L
:>A=—Eez
1+ Ae?

Exercise 3F

1 Use cooling model equation T'(¢) = ke™ + T, and
solve simultaneously the

T(0)=24
T(5)=22
7(10)=20.4

equations:

k+T =24
= kT, =22
ke +T =20.4

T =24—k
k(e =) =16
ke +T =20.4
T =24—k
= 1.6
=

ke +24 — k=204

T =24k
1.6

("% —1) + 24 =20.4

= k=

Sa 10
4

to obtain o = —0.044628..., £ =10 and 7, = 14.

Exercise 3F I
(]
|10 -
nSOIVe(es-x_em-x (e x_1)+24-20.4, x)
-0.04462871
d:=-0.044628710262786 -0.04462871
k= 1.6 10.
e5>a_elo<a
t=24-k 14. 5
8/99]

So the temperature outside is approximately
14 degrees
Calculus: Chapter 3
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2 a ¢=5000,6=0.04

b x(0)=1000

%_5000+004x:»j

_— t
5000 + 0 04x '[

- —L 1n15000 + 0.04x|=f + ¢
0.04

= 5000 + 0.04x = Ae*™
x(0) =1000 = 4 = 5040
x =126000e”** — 125000
or x = 1000e** + 125000(e®% — 1)
c x(¢)=100000 = r = 14.5 years.

x(¢t) =1000000 = ¢ = 54.7 year. So not in the first
50 years.

< > Exercise 3F 7
f1(x):=126000-e%04*-125000 Done &
nSolve(f1(x)=100000, x) 14.495462
nSolve(f1(x)=1000000, ) 54.73141
I
v
3/99

k
3 a Usey= @(1—67) as deduced in example 16

with £= 0.5 and m = 90
For g =10, v =97 ms!

Note: For g=9.8, v=95.3 ms™*

< > Exercise 3F 7
( 0.5, t) Done |4
_909.8 90
v(t): o5 \1-e
¥(10) 95.327497
( -0.5 ) Done
._90-10 90
v(t): o5 1l-e
¥(10) 97.272956
v
4/99
1 " Lk,
b I—g(l—e " ) dt = 491 metres
o k
Note: when g = 9.8, s = 481 metres
< > Exercise 3F */
( -0.5 ) Done @
_90-10 90
v(t): o5 ‘I-
¥(10) 97.272956
10 490.86793
v(t) dt
0
[v]
5/99
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k
limv(¢) =lim 2 \1—e »') = &
ctggv() 1mk( ) P

ie,90 mstas k=10
Note: when g = 9.8 v = 88.2

Since solution is flowing out at 101/m and the
flow rate in is 5 I/m the quantity of water in
the tank at any given instant will be 100-5t

Q0 _19x5-_ 2 992, 0

=50
dr 100 - 5¢ dr 20—t
2 1
I(¢) = eIZO—t = e 220 _
(20-¢)
1L _do_ 2 ,_ 50
(20— dr (20—¢)P ° (20 —¢1)?
d 1 50
o, 2 Q|= 2
dr ((20—1‘) ] (20 — 1)
! ~Q =f 50 ~dt
(20 — 1) (20 - 1)
1 50
= +
- 0-"¢
0(r) =50(20 — £) + ¢(20 — ¢)*
00)=0=c=-25
- 0(£)=50(20—¢) — 2.5(20-¢)
b Q(10) = 250 grams (3s.f.)
Exercise 3G
2
1 a d—y:?’x—;xy:>d—y:3—Z .. The DE is
dx x X
2]
homogeneous.
b 2xd—y=x—y+3:>d—y=l_l+i
dx dx 2 2x 2x

A

.. The DE is non-homogeneous

1

c (x2+y)dy—x:>d—y—L:>d—y= X
dx dx x*+y LT

X

.. The DE is non-homogeneous

2_
d_3-n b
dx X dx

dy

Asy=w=-—==v+x— dv , substituting in the
dx dx’

equation above,

Calculus: Chapter 3
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WORKED SOLUTIONS

v+x%:3—v:>x%=3—2vwhichis Met““”;
) v+x 2 =243y
variables separable DE dx
:xﬂ—2+2v
j3 > J—:——ms 2l =Inlxl + ¢ dx )
X
__1 ‘3 ln|x|+cory_;(3+izj -[1+v jx
X
:>Eln|1+v|=1n|x|+c
3 a Zxd—y:x—y:d—y:ﬂ:d—y:l—iZ = In[l+v| = In 4%’
dx dx 2x dx 2 2 x
12 =1+2 =A%’
(homogeneous) X

= y=Ax"—x

dy

Asy=w=—=v+ xﬂ, substituting in the
dx dx

Method 2:

equation above, dv
v+ X o 2+ 3v

Method 1: X
dv 1 1 dv 1 3 jxﬂ:2+2v
V+x—=———PD>x—=———V dx
dx 2 2 dx 2 2 d ) )
v
(variable separable) — .V =—
dx X X
2dx
dv= —:> ——lnl 3yl =Inlx| + ¢ N e
j1—3v x | = Inlxd I=e =¢ vl
5 3, 1 dv 2 Y= 2
= 3 —_—— = e—
S(1-3v) % = Ax :>[ ——yj = Ax ¥t dx  x° ¥
* :>i(L)_ 2
2 | T 3
Method 2: dx ¥
yex=l 1, v, 3,1 —I—dx
dx 2 2 dx 2x 2x x’
(linear DE) :>L2:__2+C
X X
idx éln(x) g = y =— X+ Cx3
I(x)=e'>* =e2 =x2 or vx’
dy ) , dy 4x+y°
o - 4 a ¥ ==4x" +y’=> ==
Multiplying both sides of v,3,-1 dx 7 dx x’
dx 2x 2x
byl(x)? 2
:>d—y =4+ 2 (homogeneous)
3 d 3 1 1 1 3 1 dx X g
L 2y =2 —(xiv) =—x? —
dr 2 2 dx 2 2)

dy

dv .

3 3 1

As y =vx = — =y + x— substituting in the
y ax i’ g

R O 1 -2 1 -
W=-x'+tc=Dv=ctax? D> y=-x+owx?
3 3 3

equation above,
Use two different methods to solve the following

dv dv

. . . V+x—=4+1V > x—=4—v+?
differential equations ix i
b x— 2x + 3y (variable separable)

dx

dy dy 2x+ 3y dy y 1Y 15

Xx—=2x43y=> —=""5=>-—"-=2+3-= 4—v+vP=|y—— +_

dx 7 X dx X ey Y 2

) 1 dx dx
with final solution y = Ax® — x m J = J( j j

(l—lD:Inlec
x 2
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Yy
d d d x
b(xz-i-yz)—y—xy:)y— 2’0’2 Y _ x2
dx dx x"+y dx [yj
1+ =
X
NP
1)
(homogeneous) x
dy dv T
As y =vx = —= =y + x—, substituting in the
dx dx
equation above,
dv v dv y
v+ x— = =>x—= —-v

dx 147 dx 1+

2
:>j1+3v dv = — dx

14 X

1
= -—— + Inll=-Inlx| + ¢
2v

7 =

= L Inlv| + In|x| + ¢
2v

= LZ =1n Alvx|
2v

1
= Avx = e?”

XZ

:>Ay=eﬁ
2 PN 3 2 3
x(x +y)d—=x +2x"y +y
X

dy x*+2x°y+y’

dx 2+ x’

3
1+2:24(2]
__ x \x)
d 2
¥ 1+ (yj
X
2]

dy dv TS
As y =vx = — =v+x—, substituting in the

dx dx

(homogeneous)

equation above,
dv_1+2v+v3 ﬂ_l+v

v+ x— 5 X—=—
dx 1+ dx 1+

(variable separable)
2
JHV dv=Jd—x:(jv—l+ijdv=j%
1+v X 1+v x

:%vz — v+ 2Inlv+1 = Inlx| + ¢

2 11’2711 2 7}}272"}}
(1+v) e :Ax:(nlj e 2 = Ax
X

dy dy xy
-y )=y ==
( y)dx 7 dr  x*-y’
y

X

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

Asy=vx= Yy xﬂ, substituting in the
dx dx

equation above,
dv v dv ?
V+x— = s> X—= 5
dx 1-v dx 1-v
(variable separable)

2
Jl_; dv = J% :{J.% - ljdv —[9x
v X v 14 X

= —LZ —Inlyl = Inlx| + ¢
2v

v(4)=%:>—2—1n%=1n4+c:>c=—2—1r12

5 bl =Inlxl -2 — In2
2v 8

2
—l(fj —In
2\y
1(x :
—=|=| -In|y|+2+1In2=0

Y
x

—Inlx|+2+1n2=0o0r

2\y
dy dy x*—xy+y°
2 2 2
X ==x"—xy+ Yy =>—="—
yry dx x?
dy dv o e
As y = vx = — = v + x—, substituting in the
dx dx

equation above,

dv dv
v+x—=1-v+1¥P=>x—=1-2v+*

dx dx
(variable separable)
1-v) x —v

v(D=0=c=-1

L:lnlxl—l:)v:ln—lxl

v—1 Inlx|-1
_ xInlx|
Inlx] - 1

2 2
+ Xy +
xz—dy=x2+xy+y2:>—dy=—x v
dx dx x

Asy=vx= Yy xﬂ, substituting in the
dx dx

equation above,

V+x£=l+v+v2:>xﬂ=1+v2
dx dx

(variable separable)

I ! ~dv :j‘%:arctan(v):lnlxl +c
1+v X

()=0=c¢=0

- arctan(v) = In|x]

. arctan [XJ =Inlx|
X

Calculus: Chapter 3
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6 a 1.1 1 Exerce 3G~ ol x
6
4_
2_
ASHRTL S S G
-8 6 '-4 -2_2_ 24" 6 8X%
_4 -
» _6-
b & _2r ¥
dx 3xy

Asy=vx = G _ v+ x%, substituting in the

equation above,

dv 2 -1 dv —*-1
y+x—=" "= x— =
dx 3y dx 3y

(variable separable)

_[ 3v ——dv=- I—:>——1n(v +1)=-Inlx[+¢
v2+1

2
(Zj +1= 4
x 32
Yy

6 -

7 (extension)
a e terms have different degrees .. non-
homogeneous DE
e the equation contains term in y?
*. non-linear DE

e itisnot possible to re-arrange the equation

to the form AC)) . non-separable DE
dx gx)
1
b v=y"= y=v2and d—y-ﬂ—lvz2
de dv dx 2 dx
1l
2y =14y -2 :>xvv2 =1+v-x°
Y dx
¥ 14y 42 QED
dx
1
c u:x2:>x=u2anddv dVdu 2x—

.'.xﬂ=1+v—x2:>2uﬂ=1+v—u
dx du

.'.2uﬂ=1+v—uQED
du
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dr  du dx dx_ du

d w=1l+v=>v=1-wand

dw _dw dv dv dw _dv
du dv du du du

.'.2uﬂ=1+v—u:>2ui—wzw—uQED

du u

e 21/td—w=14/—u:d—w—l K—1(homogeneous)
u du 2 u
13)
Zud—zw - dw —Lw— 1 (linear)
u du 2u %
P(u) q(u)

f zud_w_w_ujd_wzuzd_wzl(ﬂ_lj
du du 2u du 2\ u
Asw =ut :>d—w =t +u£, substituting in the
du du

equation above,
de r-1 de t+1
t+y—=—=yuy—=———
du 2 du 2
(variable separable)
& i dus ey =Sl + ¢
r+1 2%u 2
A w A v+1 A
t+l=r= —+l="—=>—+1="X
Ju Ju o Ju
2
e jl+1=£:>x2+y2—Ax+1=OCircles
X X
<> Exercise 3G < T *
y

6_

8 (extension)

a x=u—1;y=v+l:>2=d—y
du dx
17
.'_d_yzx_—y—’—zjﬂ:u_ngz u
dx x+y du u+v du 147
J’_i
u

(homogeneous)

d dr T
b Asv=ut= L =t+ ud—, substituting in the

du u
equation above,

dr 1-t¢ dt _1-2¢- t?
t+u—=——>=u —_—
du 1+1¢ du 1+¢

(variable separable)

Calculus: Chapter 3
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J' 2t+2

1
_Are qr— of2
t2+2t—1dt Iudu

=1Inl?+2r—1=-2Inlul + ¢

2
P2t —1:%:(y—‘1j +2(y—‘1j—1
u x+1 x+1

__4
(x+1)

=D +2(-Dx+ D) —(x + 1)’ = 4

9 (extension)

. ﬂ — 2y = —1 (linear DE)
" dx

I(x) = ejdex e

Multiplying both sides of % ~2y = —1by I(x)

e—Zx ﬂ _2e—2xv — _e—2x = i(e—va) — _e—2x
dx dx
“2x 1 —2x 1 2x
efv=—_ettcmy=—_tcee
L 2
4 1+ Ae*
_3 1 3
b v=i2;d—y—y=y3:>—vzﬂ—vzzv 2
y° dx
Cdv

— + 2y = —2 (linear DE)
" dx

I(x) = eIde =e*

Multiplying both sides of % +2v = 2 by I(x)

e W gy, - e o i(ez"v) =—2e*
dx dx

Py=—eP+ A v=—1+ Ade™

1
. 2 _
VT e
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Investigation - Euler’s Number

e.g. approximations for 2 = 0.1, 0.01 and 0.001; the
approximation of e gets better

M 1.1 ] 1.2 }g

D

=0+'n*0.1
6 0.6 1.77156 1.77156'
7 0.7 1.94872 1.94872
8 0.8 2.14359 2.14359
9 0.9 235795 2.35795
1.| 2.59374| 2.59374 [F]
>

10
€11 =c10+0.1-d10 [«

o 1.1 ]12]13 12 Exercise 3G <

=0+ 'n*0.01
96 0.96 2.59927 2.59927
97 0.97 2.62527 2.62527
98 0.98 2.65152 2.65152
99 0.99 2.67803 2.67803

100 1.[2.70481] 2.70481
C101] =c100+0.01-d100 [«

741 1

«EFEDERAEED > Exercise 3GV

-
>

=0+'n*0.001
996 0.996 2.70608 2.70608
997 0.997 2.70879 2.70879
998 0.998 2.7115 2.7115
999 0.999 2.71421 2.71421

1000 1.[ 2.71692] 2.71692
€1001] =c1000+0.001-d1000 [«]

MK [ 1

and for 2= 0.0001, y(1) = 2.7105461... and this is a

worse approx. of e

Exercise 3H
1

Exercise 3H v

M 1112 kg

=0+'n*0.1

6 0.6 1.77156 1.77156'
7 0.7 1.94872 1.94872
8 0.8 2.14359 2.14359
9 0.9 235795 2.35795

10 1.| 2.59374| 2.59374 [7]
C11]=c10+0.1-d10 [<]»

<R EWIEM) >  Exercise 3H ~ [
J

t\\\‘
NS o
e S
<
=
.
LY

I - A— LT

4///60/'\\\\\
—
b

-—— — /I\ ~ — — —

{!j‘////\\\\\
I P
.

— — — /I ~— ——
=
o
’///OO/—\ ~ — — —
ey

i
,?/

(1) = 2.59
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2 a,bandd
ai1.1012]13)0 Exercise 3H ~ [
4

(.
|
||
||
| |
g X
[
[
I
LI

< 1.3 | Exercise 3H v

0.996 4.12625 6.11825
997 0.997 4.13237 6.12637
998 0.998 4.13849 6.13449
999 0.999 4.14463 6.14263

1000 1.] 4.15077{ 6.15077
€1001]=c1000+0.001-d1000 [«

(1) = 4.1507... when 4 = 0.001

o gl

dy dy .
e —=2x+y=—-=—y=2x (linear DE
dx Y dx Y ( )

[ae

I(x)=e =e
Multiplying both sides of jx—y -y =2x by I(x),

e Y —e*y=2xe”"
dx

= L (ey) = 2w
which is an exact DE

ety = ZIxe"‘dx =e'y=-2x+De " +c
Ly=—2(x+1)+c-e*

y0)=1=c=2

Ly=—2(x+1)+2e"and y(1) = -4 + 2¢

f The approximation gives the correct
answer to 3 s.f.

3 A (gL EEETTTE

X

ol 111213 }2
xn Blyn

Exercise 3H v
f

2.6 1.16285...0.21037... |

2.7 1.18389...0.19593...

2.8 1.20349...0.18243...

2.9 1.22173...0.16980...
3.[1.23871..]0.15799...

B11[=b10+0.1-¢c10 [<]»
y=1.24

y__x

dx sinyxe”

= J'sinydy = Ixe”‘dx

= cosy = e *(x + 1)+ ¢ (integrating RHS by parts)
y(2)=1= c=cosl—3e>

.y = arccos(e *(x +1) + cos1—3e?)

= y(3) =1.2308...

" exact value is y = 1.23

e.g. Graphical method not reliable to predict
values which are not close to initial value.

<EEBERIEED> Exercise 3H v

2.6 0.62902... -0.42151...
2.7 0.58687... -0.38228...
2.8 0.54864... -0.34755...
2.9 0.51389... -0.31674...

3.[0.48221...1-0.28932... 5
B11[=b10+0.1-c10 [«]>

y=0.48

d_y —2xy
dx  1+«7

d 2
:>J.7y=_fl+icz dx

(separable)

Snjyl=-In(l+x*)+c=>y= -
1+x

y2)=1=A=5
-'-f(x)=15
"

WORKED SOLUTIONS

-1.8
-1.6

1.6
1.736

-1.4 1.64526...
-1.2 1.49588...

-1.{1.33635...

0.68
-0.453696
-0.74688...
-0.79766...
-0.78583... &

>

B6] =b5+0.2:c5

y(=1) =1.34

F—— — =y — — — -
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fG3)=

—— =0.5>0.48.

So the approx1mat10n gives the correct
value to 1 d.p.

<EEBEFIERD> Exercise 3HV

0. 1. 1.
0.25 1.25 1.5625
0.5 1.640625 2.69165...

0.75[2.31353...] 5.35245...

B4]=b3+0.25:c3 [«

Calculus: Chapter 3




b d—y=y2:>J.d—32}=J‘dx:>—l=x+c
dx y y
1
Ly =-
xX+c

y0)=1=c=-1

U
Y 1-x

$(0.25) = 1.(3), ¥(0.5) = 2 and »(0.75) = 4

¢ The error increased as the value of x increased.

7 a The rate of decrease of temperature of a body
is proportional to the fourth power of the
temperature of the body.

b 11112 ]8 Exercise 3H
0. 35. -6.703125
0.25 33.3242... -5.36609...
0.5 31.9826... -4.43154...
0.75 30.8748... -3.74346...
1.[29.9389...] -3.21712... 5]
B5[=b4+0.25-c4 RIE
T(1) =29.9
T+M
c In

+ Zarcta.n— AM3kt =c
M M

2
1 ! M 9Ty =0
T+M T-M (Tj
1+]—
M
24 VAT

= —4k(T* - M*) QED

-7
(e )t

In(T+20j + 2arctan [zj _4 t=c
T-20 20 25
11 7
T0)=35=c¢= ln(?j + 2arctan(zj
In(T+20j + 2arctan (lj _ 4 t
T-20 20 25
=In (Ej + 2arctan(zj
3 4

tr=1=> ln(T+20j + 2arctan(lj _ 4
T7-20 20

=In (Ej + 2arctan(zj
3 4

25
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b S 121314
4
2]
T T T T T T T T
8 -6 - 2 /46l 8 |X
y1-1 -2+
4
-6
)

BN 1.1 ] 1.2 B SCIETRC v f

f1(x):=-5.E-6-(x*-20%) Done &

55
15

30.258155

. >
nSoIve(In( +2-tan” (20) 0.16=In )+

20

2/99

T(1) = 30.3

d decrease the step (e.g. forh = 0.1, T(1) = 30.1)

Exercise 3H

o 1.1 [12 Jg

0.7 31.2614... -3.975387
0.8 30.8639... -3.73707...
0.9 30.4902... -3.52129...

1. -3.32500...

B11[=b10+0.1-c10 [«

<EXDEVIEED > Exercise 3H~
A

= 0.6
>
0.4+
0.2

020 0204 0.6 08 1.0
~0.2 ”

< » Exercise 3H <~

0.25 0.25 0.93941...
0.5 0.48485... 0.78472...
0.75 0.68103... 0.60003...

1.[0.83104...]0.43559... ]
B5]=b4+0.25-c4 [«]»

Calculus: Chapter 3
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Review exercise

dTr
1 a d——k(T 23):»]

—/ejdr
1n|T—23|=kr+c:>|T—23|=ekf+f
T = Ae" + 23

b i7(0)=90=A+23=90= 4=67
T(10) =70 = 67e'* + 23 =70

jk:iln(ﬂj
10 (67
i 7(t) = 40 = ¢ = 38.7

dA4 dA4
2 E=—kA:>j7=—kJ'dz

In|d|=-kt +c=> Ad=e""
A(0) = 4y = ¢ = 4
A=A
In2

A:%AO:AOe‘k’zéAO :kt:1n2:>t=7

A(10) = 47 Ie———l
Ay =50and A(10) =47 = 0 (50)

St =112.02...=112to 3 s.f.
dy dy _ y*+1
3 22 oY =
xdx 7 dx x ‘[y +1 I

c.arctan(y) = In|x| + ¢

y(3) = 0 = arctan(0) = In(3) + ¢ = ¢ = —1n(3)

2

s arctan(y) = Injx| - In(3) = y = tan[ln

d 2+ 2
=4y XIS
dx 2x
_Lx
f(x,y)

(Note that f(Ax,Ay) = f(x,))

4 a 2x2d—y

Asy=vm = G _ v+ x ﬂ, substituting in the
dx dx

equation above,

dv 1 (v-1)7° 2 dx
= — == = ~dv = —
v-1 x

.. the variables can be separated QED
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2 dx 2
¢ J.(v—l)2 dV=I7:>—V_1=1n|x|+c
2
>yp=——"—
In|x|+ ¢
2
y——x| 2
Y x(ln|x|+c J
5 I(x)= eI_Ztan(x)cbc = cos’(x)

Multiplying both sides of — —2tan(x)-y =1
by I(x),

cos?(x)- % — 2cos(x)sin(x)- y = cos’(x) which is
an exact DE
scos’(x)-y = Icosz(x)dx

cos(2x) +1

As cos’(x) = it follows that

cos(2x) +1

cos’(x)-y = _[ dx

= cos*(x)-y = i sin(2x) + %x +c

y[zj:2:l+£+c=2:>c= -
4 4 8 8

3
4

1 1 3 T 2
=—tan(x) +| —x + — — — |sec’(x
y =g ane) + (x4 3 = Esec’()

2 2
6 a ¥ _3 Y Notethat f(Ax,Ay) = f(x,))
dx 2xy
f(x.)
dy dv o
Asy=w=-—==v+x o substituting in the

equation above,
dv 3 +1 dv v +1
V4 x— = > x—=
dx 2v dx 2v

variables separable DE

which is

b =
J'Vﬂd jdx:ln(v +1) =Inlx| + ¢
v2+1=A|x|:>(Z] +1=Alx|
X
c y(H)=2=>4=5

2
(Zj +1:5;vc:>y:x\/5x—1,x2l

X 5
d A »  Exercise 3H
YA
5
4
3 1) =xV5x - 1
21 fa,2)
1
_1))10 1 2 3 4 5X
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WORKED SOLUTIONS

2 2
7 ()2 P oo XXty Multiplying both sides of % + 2 _ 3 by I(x),
dx dx 2xy dx 4-x

(homogeneous DE) 1 ( dy L j 2

dy dv T 4-x* \dr 4= 4-x°
As y =yx = == =y + x—, substituting in the

dx dx d 1 2
equation above, = = [_ . yJ =<

dx (4 -x? 4—x?
V+xﬂ_v+v2+1:>xﬂ__3v2+l hich is
dx 2v dx 2v Wil which is an exact DE

variables separable DE

1 2
ey = [ dx
4 —x? J.\/4—962

[—2—dv=—[Ldr = ~InG3v’+ 1) = ~In|x| + ¢
x 3

307 +1 p
= -y = 2arcsin (—j +c
a 2 4_x2 2
2 Yy a c
x>0=3y +1:—3:>3(—j +l=—,a=e
X X X 1
y0)=1=c¢ =5
ox° +3xy* =a,a>0QED !
oy =2yJ4-x" arcsin (g) + 5\/4—x2
8 a d_ ytan(x) + 1 = cos(x) - d
dx dx c y(0)=2.117(to 3 d.p.) (use GDC)
=cos(x) - (ytan(x) + 1) d

< »  Exercise 3HV i

= cos(x) jx—y —sin(x) - y = cos(x) (exact DE)

4 Jf100 = 244 -2 - sin” ( )\/_2

- I(x) = cos(x) is an integrating factor. 31

b cos(x) % — sin(x) - y = cos(x) 1/

= cos(x)-y= Icos(x) dx
) The graph is increasing for 0 < x < 0.6 which
cos(x) - y =sin(x) + ¢ explains why the approximate solution is greater
than the exact one.

oy =tan(x) +
cos(x)
dv dv
0)=2=c¢c=2 10a —=-0of => |—=—-«|dt
() ? I J
oy =tan(x) + 2 (or .. y =tan(x) + 2sec(x)) =>InV=-al +c¢
cos(x) o
SV =A4e”
9 a «EXUEFD> Fbrercise 3HV V(O) = VO => 4= VO
fooa »
=0+0.2*n V= VOC !
0 0.
1 0.2 14192929 b V=&:>V0e“’”=5:>—0{t=ln£lj
2 04  1.78586 1.81397 3 3 3
3 0.6 [ 2.14865]1.64583 I3
C4 [=c3+d3-0.2 [«]» a
Answer: 2.149 11 xy j_y =1+ y?is a variable separable DE
X
b & + - > = 2is alinear DE
d« 4-x J ~dy = _[ dx = ln(y +1)=Inlx[ + ¢
1+
J‘%dx 7lln‘4fx2‘ 1
I(x)=¢e**" =e? =
) - y(2):0:>c:1n(%j
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WORKED SOLUTIONS

1 1 x 1 1 1
E1n(y2+1)=1n|x|+1n(5]:»,/y2+1 =3 :Zj(——— }lx=le_[dt

x 4-x

C 2 2 _
Sat =4y =dor —l(lnx+ln(4—x)):/et+c
x’ -4 : 2 4%
=+~ D=]-0,-2[U]2,+x Sdx —x"=4e"",0<x<4
y ) ) )
Y4 d2 1
4 Yy 2
l4a —= = x°—Ix
3 - 05x dx’ 12513( )
S < 2 :,l = 1 (¥ K 1
~ - zZ=——— —| 4+ —
125°\3 2 ) 1500
~ | .-T x2—4y2=4
5 -4 -3 -2/,41' T 4 55X dz 1 (3-x% 2k
,// 5 \‘\\ dx  1257° 3 2
3 dz 1 Iy
== x*—Ix) QED
4 dx 12513( )Q
3 2
12kx=mv2:/ej‘xdx=m'fvdv b d_y:Z:d_y: 13 EAN S P
dx dx de 125°\ 3 2 1500
2 2
R =ml 4 1 P x
2 2 Y= |+t ==+
, . 125\ 12 6 ) 1500
V,
O=vy=>m2+c=0=>c=-m2
v(0) = v, m2 c c m P(0)=0=c=0
2 2 2
X =ml —m = e = v — m? cy= L (#_ +—> or
2 2 2 125° (12 6 ) 1500
2 2
y s [ U S S
m YT sEl12 6 12
) _ }k+mv§
V(l)—i T dy 1 x3 lx2 l3 dZy
c L= i ol e
dx 125° (3 2 12 dx?
13 1 _a. b N 1 :(a+b)x—4a 1 2
4x—x> x x—4 4x — x° 4x — x° T 12583 (" = Ix)
=a=-band 4b=1 P ([): 1 ﬁ_ﬁ_i_ﬁ _0
Lo 1,1 P sE 1276 T 12
dx ¢ 4 d 1 24 4x20  4P%2 1
_ x e Y2)=——F | = - + = ;
5 SR = =kdr YD = 5ed (12 6 12) 1200

(variable separable DE) maximum distance below [AB]
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Exercise 4A

1 a 1im3” # 0, hence the series diverges.

n—>0

0

b Z iﬂ is a geometric series with 7 = 1 hence it

n—0 3’
. 1 3
converges to its sum, S, = 15" 1.5.
1-=
3
I
c lim 2nt Iimi _2 # 0, hence the series
e 3ul43 v o 3
+7
n.
diverges.
s 1 n—1 o 1 n—-1 - 1 n—1
d > 3= =37+>3 =] X 3-(-}
=0 7 o\ n=1 7
is a geometric series with 7 = %, hence
converges to its sum, S, = 3- L2t 31.
-1 6 2
Hence § = 24.5 7

n

o0 enn o0 eﬂ . . . .

e Y — =>'|—| is a geometric series with
n=1 ﬂne n=1 n.e

ya

e . .
r=—= 1.03. Since > 1 the series does not

pia
converge.
f E+g+2+2...=z 3n 1lim 3n
2 3 4 5 ~n+l m=pn+l
n

= 3 # 0, hence series diverges.

=3 6 =1 1 .
g ;zﬂzmz—n:ézz—n.zz_nman

n=1

infinite geometric series, 7 = %, hence

—

0 1_1
2
h i(i - ij = ii - ii Both series are
n=0 2” 3” n=0 2” n=0 377
geometric with 7 = % and 7 = % respectively.
Hence S =L_L=2—§:0.5.
* 1 1 2
1-— 1--
2 3
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i lim-—2  —lim- 2 =lim— =10,
noo PP L] Ay | n—>002 1
T

hence the series diverges by the nth term test.

2 11 :l( 11 j
2(n-1) 2(n+1) 2\n-1 n+l

) -m-D)_1f 2 |_ 1
) -1 2k -1) At

1
A

oot
gt L)

9 27 3"
3 3+-+=+...=
x  x? ,,Z:;x

-. This is a geometric

. . 3 .
series with » = o For the series to converge,

3 3
<1:>x<—3,x>3.Sx=—=—x.
l—é x—3

X

X

Exercise 4B
1. Corollary 1: " f(£) dt = — [ f(t)dt
By the FTC, g(x) = [ f(t)dt,b<x <aisan

anti-derivative of £, i.e., g'(x) = f(x),b<x < a

=" fya.
Corollary 2: [ f(x)dx = F(a) - F(b)
Let g(x) =| " f(t)dt, a < x < b. If furthermore F'is

any anti-derivative of f, then by the mean value
theorem, F(x) = g(x) + ¢, for some constant c.
Evaluating therefore F(b) — F(a),

F@) - F(a)= [g(b) + c] - [g(a) + c]
= g(b) — g(a)
= j” Fyde [ f(eyae

= [ f@yr -0
- jb F(6)de
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WORKED SOLUTIONS

0 t
I tsect dt = —Iotsect dt = —xsecx
t

(2]

2 Zn:f(ciAx,v) = Zﬂ:sin(c,v)Z = Zﬂ:sin(gjl

n
7[( ) (ﬂj ) [27[] ) (37[]

= Z|sin| = | + sin| == | + sin| ==
n n n n

(3]
]

F(4)=.[;1 t+9tdt=0

S sin(MD b F'(x)=x’'+9; F'(4) =25 =5
n
Hence, " x " 4
, ¢ FW= i P =5
7 lim Z(Sin (zj + sin(—ﬂj ¥ 9
n—w g1 n n .
6 G'(x) =sinx
. . ((n-Drx
+sim n t...fsm " 7 The curve will be concave up at f”(x) > 0.
z 1
=| sinxdx =—cosx|[; =2 =
IO e *h 7 1+ x+x°
And therefore,
yu(x) — - (1 + ZX)
lim f[sin(zj + sin(z—”j (I+x+x)
n—o p n n 1
+ sin(—) +o+ sin( D 2
n n
_2 Exercise 4C
VA
o b
5.0 5 1 [“evdy=lim[ ¢ dv= lim —¢”
3i Ax-= == x :0_{_1_:_’ 0 b0 J0 b—x 0
n n n n 1
foy=2.2 10 ‘}5{3(‘@_”) .
n n
" , 0 50y, n hence the integral converges to 1.
1 5 50 50 &
feas =312 2] - 35 - X3,
i=1 n n i=1 n n i=1 - . b ) A
_ @[n(’”l)j _ 25',1_“ 2 J.O sinxdx = %Ln: J.O sinxdx = %Lni (—cosx) .
n 2 n
J' 5y = hm(ZS n+1j B ZSIim(l . ij Y = lim (—cosb + 1). Since cosb oscillates
o " i n between —1 and 1, the integral diverges.
i A =0"CD 2 .o r -
n n 3 I s-dx = lim dx = hm[arctane ] ==,
) Y 2] 0 14+e™ b 90 ] 4 2 b—>w o 4
x,==2+ l? f(x)= 3( -2+ ;j + 2( 2+ ;j hence the integral converges to Z'
24i 127" ] 20 127°
12 - =— -4+ —=8-—=
{ n n2 n n n2 4 J- \/_ })I_IQJ- \/,dx = hm(Z\/_)| = oo,
16 40/ 24’ .
S(x)Ax = Z[— - n—l n; ] hence the integral diverges.
16 40 &, 24&. o
= Tz Zl+7zlz S IO coszzxdx—hm ' cos mxdx
i=1 i=1 b—xo
= g - g(n(n; l)j + 2—?(%) = 7r11m sin x|0 7r11m(smb —1). Since sind
n n n b
IO (3x? + 2x) oscillates between —1 and 1, the integral diverges.
-2
16 40 +1 24 +1D(2n +1
%{}( . (%) + ?(wn =4 6 J. xledx = hm x e “dx. Using integration by
arts, lim | x’¢“dx =lim| — " (x* = 2x = 2) | =2,
4 a f'(x)=43+4x p [ -[0 b—m[ ( )]o

. . hence the integral converges.
b I 2tant dt = —L 2tant dt = —2tanx
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WORKED SOLUTIONS

Exercise 4D 9 The integral test cannot be applied since the
3 function is not decreasing for all x > 1.
1 F the GDC = i
rom the S x+1 8 10 From the GDC, the function is continuous,
continuous, positive and decreasing for all positive and decreasing for all x = 1, hence we can
x =1, hence we can apply the integral test. apply the integral test.
3 b
1 mdx = lhlggcl 1mafx = 3hm[ln(x + 1)] L xlnxdx = }Jgg 1 xlnxdx = hm ln(ln(x))|
=3lim(In(6 + 1) — In2) =3 lim In brl_, = }]irn (In(In(b) — In(In(1)) = oo

hence the series diverges. Hence the series diverges.

2 From the GDC, the function is continuous, 11 From the GDC, the function is continuous,
positive and decreasing for all x = 1, hence we can positive and decreasing for all x = 1, hence we can
apply the integral test. apply the integral test.

. 1 2 +1)° o 27 2
I . dx = lim dx = lim n(x )| ,[ arcztanx i jb ar(;tanx " im (arctan x) _ 3"
x"+1 boe 1 42 1] b Lox™+1  boedl 741 bow 2 . 32

_ % }}im [In ® +1)—In 2] _ Hence the series converges.

12 From the GDC, the function is continuous, positive
and decreasing for all x = 1, hence we can apply the
3 From the GDC, the function is continuous, integral test.

hence the series diverges.

positive and decreasing for all x = 1, hence we can ln x CInx+ 1)
. —dx = lim
apply the 1ntegra1 test. 1 s e x )
j —dx =lim | — dx—hmarctanx _ fip[ R+l 23} In2
1 x2 41 boe 1 x4 4 ] b b 2 2
= lim [arctand — arctan 1]= % - % = % Hence the series converges.
hence the series converges. 13 From the GDC, the function is continuous,
4 The integral test cannot be applied since the positive and decreasing for all x = 2, hence we can
function is increasing for x > 1. However, since apply the integral test.
. (1 .. o 2 b x? b
}]1mxsm(—j = 1= 0, the series diverges by the nth L x—dx = })ll’n 1 x— dx = £1m( —(xP+ 2x + 2))|
= x e’ e dl g* = 1

test for divergence.
e L : = lim ((—e"”(b2 +2b+2))+ éj _2
5 From the GDC, the function is continuous, boeo e e’
positive and decreasing for all x > 1, hence we can Hence the series converges.
apply the integral test

Exercise 4E

_[w dx—hm
0 1+ b—o 01+

Hence, the series converges.

b
—dx = hm[arctane J -
2 1 Using the p-series test, p = 7, 7 > 1, hence the
series converges.

6 guhe 1ptegral tes; cannqt befappﬁedj;lce the 2 Using the p-series test, p = %, % <1, hence the
nction is not decreasing for all x > 1. series diverges.
7 From the GDC, the function is continuous, = q
positive and decreasing for all x > 1, hence we can ) \/5 3 \/* \/— Z <

apply the integral test.

. . N 1
T Using the p-series test, o
n=1

J‘lw%dx = },lm J‘Ib%dx = %lml:— >
(2x" +3) ~e o1 (2x7 +3) ool 2x7 43 hence the series converges

1 1 1 1 1 =1 <
=lim | — +-|== 4 —
m( 267 +3 sj 5 NEZRE J— ;Snz ;nﬁ
Hence, the series converges. Using the p-series test, p = %, % < 1 hence the series
8 The integral test cannot be applied since the diverges.
funCtion iS not decreasing for all X = 1 5 p 1 1 < 1 hence the Serles dlverges
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Exercise 4F

31 < i n > 1. Since iconverges by
n+1 n
the p-series test, the original series also
converges.

1 1 . 1 1
2 — <——,n2>2. Since ___ diverges by
Jno -1 N

the p-series test, the original series also
diverges.

3 1 < 12 ,n > 1. Since L converges by the
(n+D! n n’
p-series test, the original series converges.

4 ln(n)<nforn>2 henceL>l n > 2. Since

Inn n
- dlverges by the p-series test, the original series
n
diverges.
1 1 . 1

5 ——— <——;n 21 Since ___converges by the

N Jn* N

p-series test, the original series converges.

6 In(n) > 1 forn = 3, hence Inn > ! for n > 3. Since
1 n n
; diverges by the p-series test, the original series

diverges.

2
7 cosznsi2
n n

p-series test, the original series converges.

for n = 1. Since iz converges by the
n

g 71 :”:1;”:1 ! forn>1.Since L
712\/; n’ n’ n2 n

converges by the p-series test, the original series
converges.

ol

T 1
g arctanx < —

1
y == <"T7="forn=1. Hence
2 \/n3+1 N "

arctan e Z . Since _L_ converges by
J n+1 NS NIS
the p-series test, the original series also
converges.
[1 < iz Since iz
n nn n n

converges by the p-series test, the original series
converges.

10 In(n) = 2 for n = ¢ hence

Exercise 4G

1 Compare with z

lim Y%L = lim =1, and the
n—o 1’l +1 n—o\| 1 + LZ

- z— diverges.
n

© Oxford University Press 2015: this may be reproduced for class use solely for the purchaser’s institute

2
Compare with Z”—s Hence,
n

2n* -1

4n+n1_1 27 27/12

lim —— = % The series

n—o ﬂT n—o 41,1 + 7’1 —-n

n

5

2
. . n 1
converges since by the p-series test, > — = > —
n
converges.
1

Compare with Zl Hence 11m—f = lim—2 — =1,
n

e+ An

n

The series diverges, since Z— diverges.
n

Compare with Zi, a convergent geometric series.
271

1 n

Since lim 2= = lim = 1, the series converges.
n—>o0 % A |
7’12

Compare with ) N

3n%+2n

s .| 3%+ 2n n’
lim Y4 :hm{ e e =3
n—»0 L n—>0 n +n

NS

= ZL, the series diverges.
Jn

1 1
-~ |=Y__~ . Compare with
z[2"—1 2”) Z4n 2n P Z

1 2

. o n 1 . 1
lim 4220 = Jim ——— = T Hence, since Y, —
n

n—»w n% n—o 471 — 27’!
converges by the p-series test, the series converges.

. 1
Compare with ZT
lim 2dmdnz2 L _ = lim Jn _1 . Hence, since

n—w % naoozx/;*_ ,I’l"r

1
Zﬁdiverges by the p-series test, the series diverges.

) 2" 2" . .
Compare with Zn—z = Z—, which diverges by the

2"
nth term test for divergence, since lim—- # 0.

n—o0 n
2"+l 2 1+ L
. n2'+n . +— 1
lim 322 = lim > = lim LA
now 2" n—x 3z 2" 4+ 2n2" now 3 4 2 3
n n

Hence the series diverges.

Exercise 4H

2" n+1
lim=L = hm( n_ 2 j = 21imL1 = 2.

n—oow 2" n—w n+1 2"

Since L > 1 the series diverges.

- I
lim &2 = lim—" = lim 1 =0.

nowo L n—>0 (7’1 + 1)! n—>o 1 + 1

n!

Since L < 1 the series converges.

31l n+l1 |
lim 2 = [im (3 . J=3th=0.

n—>o0 = n—w | 3" (l’l+1)’ now 1741
Since L < 1 the series converges.
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3

. T g 2" 1.. 1
4 lim&22 — hmn—+1 = “lim- =_
e 3 woe (D)2 2w ntl 2
Since L < 1 the series converges.
. % . + 2
5 lim2*2*2 — 7lim nt2_
n—w 3;T+2 n—w 37’1 + 5
Since L > 1 the series diverges.
5n+3
i2)] . +1 1
6 hm(z)=5hm(n ! =0
n—o0 (n+1)l n—>o0 (I’l + 2) n—w g4+
Since L < 1 the series converges.
Exercise 4l
1 Using the ratio test,
n+l n
lim2~ = lim 2” n+l)_ llim[l + lj _1
n—>0 2" n—w | 2" n 2 nowo n 2
Since L < 1 the series converges by the ratio test.
Since the series converges absolutely, the series
converges.
2 Z sinn
n=1 n’ © 1
~1<sinn< 1. Since |°=" —2 for all n, and Z—Z
n n =111
converges by the p-series test, the series converges
absolutely, therefore the series converges.
3 Using the ratio test,
&5 ! 1
lim @ = 2lim—% — = 2lim—— = 0.
n—o0 % n—>0 (I’l+1)' n—w g1 41
Since L < 1 the series converges by the ratio test.
Since the series converges absolutely, the series
converges.
. . . arctan =
4 Using the comparison test, lim —3n <z
n—w n n
for all n > 1. Since Z% converges by the p-series
test, so does % > iz Hence the series converges
n
absolutely.
5 Using the ratio test,
1
. Tl 1 2"n! 1.. 1
11mu=11m+1—n = lim =0.
we L e 2 g ) 200 ]
Since L < 1, the series converges. Hence the series
converges absolutely
6 Since hm— # 0, the series does not converge

n—ow E

absolutely.

Exercise 4J

1
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a The absolute value of the terms is decreasing,
and limu, = 0, hence the series converges.

n—ow

For the series of absolute values, In(n) < # for

n =2, hence L > 1 ,n > 2. Since l diverges
Inn n’

by the p-series test, the series of absolute values
diverges by the comparison test. Hence the
series converges conditionally.

f icosn;r__1 1 1 1

b The absolute value of the terms is decreasing,
and lim = 0, hence the series converges.
Using the ratio test for the series of absolute
values,

n+l1
. . el . +1 2"
lim % = lim 2° = 11m{n—-—}

+1
n—w n—w N n—w n
u, % 2 n

= limKI + ljl} = l
o n) 2 2

Since L < 1, the series converges absolutely.

c The absolute value of the terms is decreasing,

and limu, = 0, hence the series converges. The

n—o0

series of absolute values diverges by the p-series
test, hence the series converges conditionally.

d The absolute value of the terms is decreasing,

and lim z = 0, hence the series converges. For

n—om

the series of absolute values, using the ratio test,

_ 1
. ! . 1
@D — 1im =lim =0.
noe 41

. u
lim =L = lim
n—>0 u n—ow %

Since L < 1, the series converges absolutely.

e The absolute value of the terms is decreasing,

and limu, = 0, hence the series converges. The

n—om

series of absolute values converges because it

is a geometric series, with |7| < 1. Hence the
series converges absolutely.

=—l+---+—+
~ n 2 3 4

The absolute value of the terms is decreasing,
and lim u = 0, hence the series converges. The

n—>m

L+ (—1)"%

series of absolute values is the harmonic series,
which diverges. Hence the series converges

conditionally.

g The absolute value of the terms is decreasing,

and lim = 0, hence the series converges.

n—ow

The integral test can be used on the series
1

xlnx
continuous, positive and decreasing for all x > 1.

of absolute values, since f(x) = is

- lim[ = lim [In(ln x)]’
b>=dl xn x n—w

= lnig}[ln(lnb) - In(In1)] =

Hence,

Since the series of absolute values diverges, the
series converges conditionally.

h The absolute value of the terms is decreasing,

and limu, =0, hence the series converges.
n—o
The series of absolute values converges by

z .
comparison with ) 2., hence the series
n

converges absolutely.
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The conditions for Leibniz’ theorem are met since
the absolute value of the terms is decreasing,
and lim#, = 0. Hence the truncation error is

n—o0

1
b= =L =8+ ~0.902.
11 1331 1331
The conditions for Leibniz’ theorem are met since
the absolute value of the terms is decreasing, and

limu, =0, hence the series converges.

n—o0
1

n+

u_, <0.001 =
S, ~ 0.948.

<0.001 = n=>5. Hence,

Dt

The conditions for Leibniz’ theorem are met since
the absolute value of the terms is decreasing,
and limu, = 0, hence the series converges.

n—00

Since the series begins with » = 2, and we want
the first three terms, i.e., n = 2, 3, 4, therefore
! §=38,+u;,=-0.012644.

U= ———

5x3° 30375
The conditions for Leibniz’ theorem are met since
the absolute value of the terms is decreasing, and
limu, =0.

1
(n+1)’ In(n+1)
Hence, the truncated series has the required
accuracy after the 29 term, since the first term
corresponds to #n = 2, and not n = 1.

u,, <107 = <107 = n =30.

Exercise 4K

1 Using the ratio test,

6n+1
7' n+1 |
lim D! iy &
e 6" el 6" (n+1)!
n!
=6lim =6-0=0.
noe 4]

Since L < 1, the series converges.

Using the ratio test,

(n+1)2"!
n+l On n
im—3" —1im 2:2"(n+1) 3" | _ Ehm””
n—o n n—w 3 .3" n2” 3 nso g
37[
- glim(l +lj _2
3 n—w n 3

Since L < 1, the series converges.
This is a geometric series whose common ratio is

1 .. . .
—. Since || < 1, the series converges to its sum.
e

Using the GDC, we see that the function that
represents the series is continuous, positive
and decreasing for all n = 1. Hence, we can use

the integral test. Using the substitution # = l,
X
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w1 1 . b1 1
I — tan (—] dx = lim — tan (—) dx
1 x X b J1 x x

=lim ln(

n—>0

jm = —1In(cos(1)).

COSx

Hence the series converges.

Using the limit comparison test with Ziz, or Zl,
n n

2n+1
2 _ 2
limM =1 Zzni =1.SinceLisa
o 1 now 2n° +3n—1
n

positive real number, the series diverges since the
harmonic series diverges.

Since the absolute value of the terms of the series
is decreasing, and limu, = 0, the series converges.

n—w

1 1
Foralln=>1, n > V3n-1, hence — < —.
1 3 -1
Since ZT diverges by the p-series test, so does
n
LZL Hence the series does not converge
V3~ n

absolutely, and converges conditionally.

Y2 -y 2 o5y L Sincel < forall

Inn* 2inn “Inn n Inn
n = 2, the series diverges by comparison with the
harmonic series.

Since IimM
n—om ,I’l3+ 57’12

Divergence Test.

# 0, the series diverges by the

Since the absolute value of the terms of the series
is decreasing, and limu, = 0, the series converges.

n—>0

Using the integral test, since the function
representing the series is positive, decreasing and
continuous for all x = 2,

w 1 . b1
——dx = lim| ———dx
L xvInx b2 v \In x

- nm[z\/ﬂ ]

b
b—x 2

= lim(2VInb - 2JIn2) = =.

Hence, the series diverges absolutely, and converges
conditionally.

10 Using the ratio test,

4””(7’1 + 1)2
lim_ D (47
o0 "n? o (n+1)! 4"n’
n!
— 1im 3D _ g,
n—>0 n

Since L < 1, the series converges.

Calculus: Chapter 4

WORKED SOLUTIONS



11 Using the ratio test,
(n+1)!
1g}g2-5-8~....513!(n+1)+2)
2:5-8-...-(3n+2)
[(n+1)!'
n!  2.5-8-...
(n+1) 1

= lim

n—ow

2-5-8-...-(3n+2)
(Bn+2)-3(n+1)+2)

oo 3p+5 3
Since L < 1 the series converges.

© [ "\2n 0 n . .
12 z& = 4— Using the ratio test,
n=1 n

n=1

4n+1
n+l1 An n
lim D 44
e 4" el (n+1)(n+1)" 4"
nn

4n"
m-—— =
e (n+1)(n+1)"
Hence, the series diverges. (This one is best done
with the Root Test, which is not on the syllabus.)

13 Using the limit comparison test with Y ——

ol

n«f

2l
lim 1" = lim 1” =1,and 1 > 0, hence the
nn n

series converges since Z \/_ converges by the
n
p-series test.

T T
arctann b3 b)
140 < 3 <%.Z%:_Z— Since this
,12 ,12 7’17 nz

series converges by the p-series test, the original
series also converges.

15a The series is continuous and decreasing, but not
positive for all n > 1.

b The series does not have all non-negative terms.

c The series does not have all non-negative terms.

d i the sequence of absolute values is not

decreasing.

ii the limit of the nth term as # toes to infinity
does not equal 0.

N

16a .
Z‘ (n+1)!
Slzl;Sz—i+£:_;S3— _+i:23,
2! 21 I 6 20 31 41 24
1 3 4 119

S,=—+—+—+—=—
21 31 41 50 120
1 2 3 4 5 719

==t =t —+ =+ —=—;
21 31 41 51 6!

720’
S—l+£+i i i+£—w
21 31 41 51 6!l 71 5040
| —
Conjecture: S, = _ (D=1
(n+1)!
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b Proof by Mathematical Induction:
(n+1)! -1
(n+1)!

+

P :S = neg .

n* n

(n+D!'-1 =
(n+1)!  (n+D!
g D=1 21-1 1o
o A+D)! 21 2!

B+ 1! -1

(B + D!
We want to show that P, , is true, i.e.,

(k+2)I-1
(R +2)!
St = Sp F

_(k+1)!—1+ k+1

For n =1, show that

Assume P, is true, i.e., S, = ke,

keg.

by assumption

(k+1)!  (k+2)!
C(k+ )[R +D!I -1+ k+1
a (k+2)!
e+ = (k+2) +k+1
a (k+2)!
C(k+2)1-1
C (k+2)!

:Pku

Since P is true for n = 1, and proven true for
n=k+ 1 whenn=k, kez’, then by mathematical
induction P, , is true.

b. Using the ratio test, lim

n—om

(D) (D]
(n+2)! T ’
Since L < 1, the series converges.

*Finding the sum is best done after Chapter 5

using flx) = ¢ and Taylor series.
Let S denote Z D . Then
n= 1 7’1
o0 o0 1
S+e-2=5+ -
;n nl(n+1)' ;n'
Hence, S=1.

Review Exercise

1 a Using the nth term test for divergence,

n

=lim L . S # 0, hence the
n—o0 4 64
1+—
n

lim( "
noe\ n+4
series diverges.
b Using the limit comparison test with " l,
n

sinl
" -1, hence by comparison with the

lim
n—>0

n
harmonic series, the series diverges.

¢ Forn=2,andsince 2 <e¢, In(n) < n— 1. Hence,
L>L:>ZL> —_Z . Since the
Inn n-1 Slnn ‘Sn-1 “Sn
harmonic series diverges, by the comparison
test the given series will also diverge.

Calculus: Chapter 4

WORKED SOLUTIONS



WORKED SOLUTIONS

d By the ratio test, 7 Using the limit comparison test with 5, = iz,
. [n+1_€" n+l €' 1 n
lim| —x— |=lim| —x—— |=—<1. Hence
) cos 0
the series converges.( +10)cos (n+ 10) lim fn =2 an indeterminate form which
. n n—o
e Since cosnm = (—1)”,u =(-D" . = 0
7’1 n
Since lim nl +— =0and the sequence is allows us to apply L'Hopital’s rule. Taking the
decreasing, the given series is convergent by the derivative of numerator and denominator, we
alternating series test. 1 41 )
S —X 7 1 smf sinn 1
! . btain lim| —2-"7 |=_1i —1 ==
2 By the ratio test, lim VL :hmzi=0. ovtatn I T2 2 ma 20 1 2
n—>0 (k+1)| (k_l) n—swo b — —
n n
Hence the series converges. z( D z ) 1 . )
o k! ok Since ) — converges by the p-series test, the given
Furthermore, n
g1 1,2 1.3 1 series also converges.
o1 2t 2t 3t 31
—qp Loy (Lol f1_13_ 8 ay
o) L2 o2r) Lero3r)
=1.
3 Iim;7 =0, and for all n, a, 2 a,,,, hence the
oz (n+1)
series converges by the alternating series test 4.
87=0.000000476837. The sum of the series :
therefore, correct to 6d.p., is i >
1 1 1 0 1 2 3 4 5
1—2—7+3—7— +7—7: 0.992594
The sum of the areas of the smaller rectangles
4 By comparison with the harmonic series, R
2 1S —.
lim l+nz x| = lim 2+ nz =1. Hence the series =1
oo\ 1+n” 1 o 1+
diverges by the limit comparison test. The sum of the areas of the larger rectangles is
<
5 a Since Za converges, then hma =0=gq,6<1 —n’
n=1
for large n. Since b, >0=a,b, <b,. Since the area under the curve is between

b By comparison, and since an converges, then smaller areas and the larger

Zaﬂbﬂ converges. Similarly, 5, <1= 5> <b,, and areas, Z— < _[ —d < Z—
hence » 57 converges because » 5, converges.
© 1 T
6 a un=3nj2.Usingtheratiotest, b} x_i'dx_|:_p+1:|l -1
23
sl 20 1. (3n+1)_,1 >l Y <l —dx =L
111‘11 TX— :2—11111( j:2—<1 ,,:17/1 len p_l p_l
el 5 -2 T3en\3n-2) 73
Hence the series converges. 1P < and I —dx < ,,Z:‘n_
2n—-1
b u,=<" Then by the ratio test, 1 »
(ﬁ) Hence, —<Z— —
p-1 =Hn” p-l

\/En
lim 2”+1><( ) L2t g

e (ﬁ)l 2n-1| 2m==2n-1 2

Hence the series converges.
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S~

The total area of the upper rectangles is

1 1 1
— S —
(n+2)4

<
1+ — —
n' (n+1)* Z it
The total area of the lower rectangles is
1 1 1
——x1+ x 1+
(n+1)* (n+2)* (n+ 3»)4

i=n+11

The total area under the curve from x = n to

inﬁnity lies between the above two sums, hence

—<I —d <Z—

i=n+1?

i=n+1

Then, adding 3"~ to both sides of the
i=11

inequality, S < z% + 3% In the same way
i n

il‘l > , and adding Z— to both sides,

i=nt i=1 1

Hence, the value of S lies

1 1 -
—4—2

11 =11

-y 1

10 a

11i

12 a
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i Whenn=_8,5<1.08243... and
§>1.08219.., hence § = 1.082 to 3 d.p.

ii Substituting this value for S,
4

N~ ~90.0268...= N =90.
1.082
SZn:Sn+L+ ! +...+L>Sn+i+i+...
n+l n+2 2n 2n  2n
+L—S +l
2n 2

Replacing n by 2n, S,, > S,, +2 >S, +1.

Continuing this way, S, > S, + % And in

general, S, >S,+ % Then, letting n = 2,

2

S >S,+ ﬂ.
2

S

2m+1

>Nif S, + — 7 >N orif m>2(N -S8,).
Hence the sequence is divergent.

The sequence of absolute values is decreasing
and the nth term tends to 0 as z tends to
infinity, hence by the alternating series test,
the series converges.

The partial sums are 0.333, 0.111, 0.269,
0.148, 0.246. S, lies between any pair of
successive partial sums, hence it lies between
0.148 and 0.246, therefore it is less than 0.25.
The sequence of absolute values is decreasing
and the nth term tends to 0 as # tends to

infinity, hence by the alternating series test,

the series converges.
1 1
S,=1- ; T 0.841468(6d.p.).

S, error < as, hence

error < é, or error <(0.00000276.
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Everything polynomic

Exercise 5A Exercise 5B
n+l ™1
a For f(x)= 1 - 4x, a Using the ratio test, lim|~——=L CD™ ol = |x|lim = |«].
1-4x n—»w ( 1) n—)ocn+1
[4x| < 1= |x| < %, —i <x< ‘11 x e} 411 ‘11{ The series converges in the interval |x| < 1, hence
In this interval, R=1 Atx=1, i(— 1" 1 is the alternating harmonic
1 n * " n=0 n
I L+ dx + (4x) + .+ (4x)" + .= ) (4x), series, which converges conditionally. At x = —1,
- n=0 o 1\ o (_1\2n o
and R = l > (-1 (DA > Gh7 Zl is the harmonic
4 n=0 n n=0 n n=0 N

series, which diverges. Hence, the interval of

1 )
b For f(x) = 1152 3w <1= < convergence is |-1, 1[, and R = 1.

1. x < l, xe }_l’ l[ In this interval, b Using the ratio test,

5 5 55 o ' 1

1 lim |2 = |x[lim ——— = |»|lim — = 0.
———— =1+ (-5x) + (-5x)* + (-5x)’ + ...+ (=5x)" +... o % o (1 + 1)) nse g+ 1
1-(-5x) . .
, . ., Hence, the interval of convergence is the set of
=l=Sx4 50+ (C)0)" + Reals, and R = infinity.
1 < 1
Hence, —— = -1)"(5x)"; R = =. i i
e ZB( )" (5x) s ¢ Using the ratio test,
2y
¢ flx)= I 1 _ 1 lim |2 (”*2) =2|x| x| lim & 7 2|x|. Hence, the series
x4 4(%_}(—1) —4(1—%3{)' n—>ow (,,+1) nﬁw(n-l— )

converges in the interval 2|x|< 1, or —% <x< % At

’lx <1 <4, -4<x<4 xe]4 4]

" x= —l Ew ﬂ = Ex L Since the absolute
. - 3 2 2
In this interval, L - _lz(l xj ;R=4 27 (n+.1) o n+.1) .

x—4 4.\ 4 value of the series is decreasing, and lim u, = 0,

1
d f(x)= 1 _ l(lj _lp 1 the series converges conditionally. At x = >
3 3\x 3 1+(x—1) © 271(%) n 1 ) )
1 1 Z 0 Z 0 This series converges by
= | ——|j|x-]<l=>0<x<2. RGN
3\I-[-(x-1)]

. . 1 :
comparison with pEp which converges by the

. . 2
Hence, the interval is |0, = . . .
3 p-series test. Hence, the interval of convergence is

In this interval, f(x) =3 (-1)"(x - 1)"; R =§. [ ; ;] and R = 5 L
n=0

x ) 1y (2x+3)"
e f(x)= T; |x<1=-1<x<l,xe]-L 1. Inthis g Using the ratio test, lim D ot

( l)n (2x+3)

Tnlnn

interval, —— = x(1 + (=x) + (=x)* + ... + (~x)"+...)
1+x nlnn

=[2x + 3|lim|———"——
(n+1)In(n + 1)

:xzo(—n" Z( 12" R =1 "

n=

=|2x + 3|. The interval

of convergenceis |2x+ 3|<1,or-2<x<-1.

f f(x)zi‘|—4x|<1:>—l<x<1 xel-1l 1 _ L. . .
1+4x’ 4 4 44l Atx——Z,Zn S divergence by comparison with

In this interval, the harmonic series, and when x = —1, the series
1 24 =2(1 + (—4x) + (—4x)’ + ... + (~4x)" +..) converges conditionally. Hence, the interval of
+4x

. 1
convergence is |2, —1],and R = 5

= 22(—1)"(43‘:)" — 22 . (_1)n(4x)n; R = i
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(- I)n+2(x71)n+2
n+2
™ =™

n+l

e Using the ratio test, hm

~ |-1(x — D|lim| %L

n® |y 4
-1l <1,or0<x<2.Atx=0,
1
Zn+

which diverges by the p-series test. At

= |x - 1|. The interval of

convergence is |x
Z( 1)n+1|( 1)

with

diverges by comparison

ﬁv
x= 2 Z( 1)n+1

the alternatlng series test. Hence, the interval of
convergence is ]0, 2], and R = 1.

converges conditionally by

: ‘ . |G 2n+3)!

f Using the ratio test, lim| %22 = @n+3)t
" G moe (2n+1)!

—#lim— = 4.0 = 0. Hence, the

e (2n+ 3)(2n + 2)
interval of convergence is the set of Reals, and

= infinity.
g Using the ratio test,
lim [ 3 |y lim ol

e (p+1NVn+1-3
N

x| ;.

Zlim —— ==

3 n—m ’(n+1)3 3
|x|

The interval of convergence is 3 < 1= lxl < 3.

nln-3"

S &1 _al
Atx= 3,2 \/— 3 Z —3 converges by

n=1M1 n=1 n n=1
nZ

. & (-3)” 1
p-series test. At x= =3, D 3) - Z( )
n=1 n\/; ° 3 n=1 2
series converges conditionally by the alternating
series test. Hence the interval of convergence is
[-3,3],and R = 3.

Nn+l - x"

i . An+1
h Using the ratio test, 11m r = M11m nt
Ry N
. 1 .
= M im [1+—= = M The interval of convergence
3 e\

is % <1=lxl<3. Atx =3, Z\/ﬁ diverges, and at
n=1

x=-3 i(—l)”\/z also diverges. Hence, the interval
of conve_rgence is -3, 3[, and R = 3.

i Using the ratio test,

sin"! x
(n+1)?

sin x

nZ

lim |[-=-

n—o0

~ = sin x|

> (n+1)

The interval of convergence is |sin(x)| < 1, and
this is true for all x. Hence, the interval of
convergence is the set of Reals, and R = infinity.
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WORKED SOLUTIONS

e(nthx
n+l
nx

=e*lim *

n—o0

j Using the ratio test, lim

n—>0

=€

e
n

n+1

Hence, the interval of convergence is e* < 1, or

x <0, and R = infinity.
k Using the ratio test,
o +1)x
lim|—=L| = lim xHll_x+l
n—so | €% n—o0 3 3
x+1

This converges for || <1 = -4 < x < 2.

Atx = —4, i (_;') = i(—l)’“, which diverges. At
n=1 n=1

=2, Z;—n = 21 which also diverges. Hence, the

n=1
interval of convergence is |—4, 2[, and R = 3.

2 a Applying the ratio test,

(Rx)™!
(n+1)
)

= |x|lim | = Fklx|.

n—o0

lim |-

n—>ow

n
2 +1)7

k|x|<1:|x|<l.Sincexe[—l,l}:kzl
k 2°2

(x—le)z("*”
(n+1)*
(x=k)"

4
n

b Applying the ratio test, lim

4

= (x — k)’ lim

( = (x — k)*. The interval
n—o0 n

of convergence is (Jc—/e)2 <l=>-1l<x-k<l
= —1+ k < x <1+ k. Since the interval of
convergence is givenas [2, 4] = -1+ k =2
and k+1 = 4. Hence, k= 3.
(x—h)"!
3 Applying the ratio test, lim|[=2%"

n—ow| (x=h)"
nk"

|x h| m| | |_|Slnce|_h|<1
k 'H°°|n+1| k k

Slk-H<bk=-k<x—-h<k=-k+h<x<k+h
Since the interval of convergence is

1-1,7l= —k+h=1and k+ h = 7. Solving
simultaneously, # = 4 and &£ = 3.

Exercise 5C

1 1 2 . =2(1+x2+x4+...+x2”+...)=2ix2”.
—X n=0
I=]—1,1[,R=1.
1 1 S S
— lﬂ i’l' _1}1 n
(x+1° 1+x Tt Z::}( y'x ,,Z::}( )

=2(—1)”(n +Dx I =]-L1;R =1
—=1;4x2+(4x2)2—(4x2)3+

PXSUCHEDYSIEOE
1:}—%,%{;13:%.
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4 This example should be done in 5F using the nx"" x"
Binomial Series. The solution is shown here. Since * 7o n?2" is the derivative of 7> n?2"’
1 convergence would be the same, except for possibly
Vitx = (1+x)? the end points. Hence, the interval of convergence is

the interval of

m 1 ( lsz 1 ( 1) ( 3jx3 -2, 2][.
=l+—x+=-X|—=|=—+=%x|—=|X| = |—+...
2 2 2)21 2 2 2 ) 3!
g8 2 I 2x-D+(x+2) 3x
1 1, 1 5 ) + = =— .
=l+-x——x"+—x"+..;-1<x <1 x+2 x-1 (x+2)(x-1) X +x-2
2 8 16
1 -1 2 - 1 = I
=(1-x)2 = = (—1”(—95).[: -2,2(;
(_1—x ( x) w42 nz—(;l_[_lxj ; ) 2 ] [

S S N I

1 & -1 = 1 &
L35 P B IR D DI

=l+-x+=x"+=—x+..,-1<x<l. x-1 Sl-x ml-x %
2 16
I=]-1,1[; R=1
1+x)*(1-x) 2 - " .
( +x) ( x) 23—35:2(_1)71(13‘.) +z_xn=z|: 1 . _1:|xn.
:[1+lx—lx2+ix3+...j(l+lx+3x2+ Sy +] ¥AxE=2 S 2 =0 =L (=2)
2 8 16 8 12
2 3 4 Hence, I = |-1,1{; R =1.
=1+x+%+%+3§ i FL1; R=1 s
Exercise 5D
5 mx=[L; 1o 1 |
¥ x 1+(x-1) 1 a f(x):ij(O):L
=1-(x-D+x-17>-(x-1)>+
| dx = ["(1-(t =D+ -1 - (-1’ +..)dt (— )
e | f'(x) = f'0) =2, fOx) =
x —_— = X) =
:{t_(r—n G +} (1— y <1— )’
2 3 1 :>f<3>(0)=6,
(x-1"  (x-1)°
=[x— x2 + x3 +...)—1 FO(x) = i ) = f®(0) =24
_ (x 1)"+1 x  2x*  6x°  24x*
=Xew L= g T et e g
I=|x—1|<1:>l=]0,2[;R=1 =l+x+x"+ 2"+

b f(x)=xsinx = £(0)=0,

6 > (a,x"+b,x")is convergent when |x| > 1, Fi(x) = sinx + xcosx = f(0) =0,

n=0
hence R = 1. f"(x) =cosx +cosx —xsinx
. 2 D =2cosx —xsinx = f"(0) =2,
7 FOTZ Ton | " Xlx:HWhlchls x —xsinx = f7(0)
12 HN|("+1) 2 2 FP(x) =-2sinx —sinx — xcosx

convergent for |x|< 2, so R = 2. Testing the end- — 3sinx —xcosx = fP(0)=0

: 1. .
points, for x = 2, Z—z is convergent by the p-series
n

n=1

f(x) =-3cosx —cosx + xsinx

@ _ : @) —
test. Forx= -2, (-1)" iz converges absolutely. =—4cosx+xsinxy = f7(0) = -4
n=l " 2x* —4x' 1
Hence, the interval of convergence is [-2, 2] Ty(x) = o + TR x* - gx4
Forz TR ml-% < Ly = *| which is also 1
R ¢ f()=(1+x) = f(O)=1,

convergent for | x| < 2. Testing the end points, at

F0)=30+0)7 = f(0) =1,

x=2, ;ZI diverges, and at x = =2, Z( 1) , . )
n= 1 » __2 _2 ” _ 2
converges conditionally. fx)= g+ 7= fO=-3
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8

f<3>(x)=9<1+x)3:»f<3>(0)=9
@)y _ @) _ 80
f (x)———(1+x) S f9(0) = -

I, 2, 10, 80 .

T(x)__ 3_Jr 9" 27" . 8l
0! 1! 21! 31! 41

14l iy S 10,

81 243

d f(x)=xe" = f(0)=0, f'(x)=e" + xe*
= f'0)=1,
F(x) = 2¢" + xe* = £"(0) = 2,
FO(x) = 3e* + xe* = £P(0) =3,

FD(x) = de* + xe" = FD(0) = 4
2 3 4
T4(x)=£+Zi A e lpi L
TR TEETIY 2" 76

2 a f()=_= /(")
= fi(m)=—

=L rw=-%
T X

S S0 =2

= [ =2, fO) ==

= fOm=-5

L lon Za-n -La-ny
T(x)=L+- % + e~
0! 1! 2! 3!
1.1 2 1
= ;+_—2(x—ﬂ')+—3(x_ﬂ')2 _—4(.x_ﬂ')3

b f(x)=x"sinx = f(r)=0,
f'(x)=—x’zsinx+x’lcosx:>f’(7z):%,

f"(x)=2x"sinx —x*cosx —x>cosx —x ' sinx
=2x7sinx —2x>cosx —x 'sinx

= f'(m)=-=

fO(x)=—6x"sinx +2x°cosx +4x> cosx

+2x%sinx +x2sinx —x ' cosx

=—6x*sinx+6x>cosx + 3x?sinx —x ' cosx

6 1
= fOm)y=—=+—
T VA

1 6 1
—;(x—;r) —(x—n) [—”3* j(x )
L) ==+ 3!
=——(x-7m)+—=(x 7Z)Z+[L——j(x r)’
6
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WORKED SOLUTIONS

c f(x)=xcosx = f(n)=-x7,

f'(x)=2xcosx —x’sinx = f'(r)=-2r,

f"(x) =2cosx —2xsinx — 2xsinx — x* cosx
=(2-x")cosx —4xsinx

= f'(r)=n"-2

fO(x) =-2xcosx —(2—x*)sinx —4sinx — 4x cosx

= —6xcosx — (x* +6)sinx

= fO(n) =67
Ty % 22G=m) | (== | 6rtx-a)
’ 0! ! 2! 31

= —n2—2ﬂ(x—n)+(%2—lj(x—ﬂ)2+7T(x—7r)3

3 f(x)=2x"-3x"+4x-5= f'(x)=6x>-6x+4

= f(x)=12x-6= f(x)=12

a f(0)=-5 f(0)=4, f'(0)=-6, f(0)=12

4x  —6x 124

1! 21 3!
=—5+4x—3x%+2x°

b f()=2-3+4-5=-2, f(1)=6-6+4=4,

ff=12-6=6, Ff1)=12=

-5
= T(x) = E+

Ty = 24 4G=D 66— D’ 126e-1)°
! 1! 21 3!
- —2+4(x—1)+3(x—1)2+2(x—1)3
7, = L0 LOCZD _ py 1 ae-a)

Equation of a tangent to the curve y = f(x) at the
point where x = a is obtained in the following way:

Point (a, f(a)), slope m = f'(a)

Equation: y —y, = m(x —x,) = y — f(a)
= f@)(x—a)=y= f(a)+ f(a)(x —a)

fM)=4, fD=-1, V=3 fON=2=

—1(x - ) 3(x—1) +2(x—1)3
1! 2! 3!

cd (D 317+ Lk 1y
=4 -D+ I+ (D)

T(x)—

FA2)~T,(1.2)=4-0.2+ % x 0.2 +%>< 0.2°

= 3.86267
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Exercise 5E

1 f(x)=cosx = f'(x)=—sinx

= f"(x)=—cosx = fP(x)=sinx = f®(x) = cosx

We can summarize this into the following form
(similar to the powers of the imaginary unit 7):

—sinx,n =4k -3
FO () = —cosx, n =4k — 2’ bzt
sinx, n =4k -1
cosx, n =4k

_ £ (n+1)
Rn(x)——(n+1)! X = | () <1

n+1|

0 < |f(n+1)(t)| |xn+1 < |x

(n+1)! T (m+ !
. |xn+1| .
= lim =0=1mR, =0
n—o (71 + 1)[ n—w
% 2n
Hence cosx = ;(—1)” (;n)! forall x € R.

2 a f(x)=sin’x =sinx x sinx

2 2x4 2 1 6 2 2 8
=X = + | =+ X~ — + X" +...
31 517 @3 71 3Ix5!

2% 8x* 12+20 ¢ 16+112
= + X — X +...

21 4l el 8!
2 8 326 1y -1 27«7
20 41 6! 8! @2n)!
© ; 22n—1x2n
=21
pur (2n)!
b We use the expension of e* = Zx' where instead
of x we input 3x n=0 11
0 1 2 3
f(x) — eSx — (3X) + (396') + (3X) + (3x) +..
0! 1! 2! 3!
9x*  27x° 3"x"
=1+3x+—=—+—+...+ +...
21 3! n!
, 1
c f(x)=In(l-x)= fl(x)= 1
- X
1 2

= f'(x) =~

a- x)’

(n) _ (7’1—1)' +
f (x)_ (l_x)naneZ

fO)=In()=0= f(0)=-1= f'(0)=-1
= f"(0)=-2
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WORKED SOLUTIONS

FPO)=-(n-1)!, nez’

f(x)=tanx = f'(x) = (cosx)”
= f"(x) =-2(cosx)” x (-sinx) = 2(cosx) ™ sin x
= fO(x) = -6(cosx)™ x (—sinx) x sinx
+ 2(cosx)™ x (—cosx)
= 2(cosx) (1 + 2(sinx)?)
= f®(x) =-8(cosx)” x (~sinx)(1 + 2(sin x)*)
+ 2(cosx) *4sinxcosx
= 8sinx (cosx) (2 + (sinx)*)
= 8(cosx)°(2sinx + (sinx)*)
— FO)(x) = — 40(cosx) ® x (—sinx)(2sin x + (sinx)’)
+ 8(cosx)” (2cos x + 3(sin x)* cosx)
= 8(cosx) °(10(sinx)* + 5(sinx)* + 2(cos x)?
+ 3(sinx)*(cos x)*)
= 8(cosx) °(10(sin x)* + 5(sinx)* + 2(1 — (sinx)*)
+ 3(sinx)* (1 — (sinx)*))

_ 16(sinx)” + 88(sinx)” + 16
(cos x)°

f0)=0= f'(0)=1= f"(0)=0=
[P0 =2= fP0)=0= f90) =16 =

< > Exercise 5E */

i( 16+(sin(x))*+88-(sin(x))*+16 )IX -0 ola

ax (cos(x))®

272

d? [ 2-(sin(x))*+88:(sin(x))?+16
- =0
dxz( (cos()® )|X

[v]

2/99

o Wy

2x°  16x°  272%7
e T I T

¥ 2x0 1747
—x+—+ 4
3 15 315
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WORKED SOLUTIONS

e The derivatives are best found using a computer 5 We use the expansion of e* = X" here instead
lgeb t
algebra system. = n!
flx) = arctan(xz); £(0)=0 of x we input ix and —ix respectively.
= 0)=0 o _ @) ) ) () () ()
f( )= f( )= 1 e~ = + + + + +
0! 1! 2! 3! 41 51
" 2 3x " . .
S = (Jf— f10=2 L@ @
6! 7!
" 8x°(Bx* =5) ,m
SO= ey SO0 £
N 200 31 21 51 6l 7!
f(4)(x) _ —2436' (Sx 2296' +5) f(4)(0) O
"+ 1)’
w_ )’ ) )t ) ()t )
f(s)(x):48x(15x12—135x8+101x4—5)' 2 "= o bt ot T + 5
1) ’
o+ LC G
f20)=0 6! 71
—240(21x"° — 336x" + 546x° — 120x* + 1 2 4 S VY
FO) = 22 ) ISRV S S S
(x*+1)° 2! 3! 20 50 el 7!
f£O(0) = -240 ' '
a If we subtract equation (2) from equation (1) we
Hence, obtain the following:
6 xlO x14 ; x4n+2 o w 2 lx3 x4 1x5 x6 zx7
f(x):xz_?-l_T__—i_ +(1) P € —¢€ —(1+1x—2'—3' 41 ?—a—7+
f f(x)ze"xsinx —(l—lx—£+ﬁ+£—ﬁ—xf6+£+...j
2! 31 4! 51 6! 71
2 3 3 5 7 . . .
=(1+x+%+%+...)x[x—%+%—%+...] — 9y 2ix’ + 2ix’  2ix’ N
! ! ! ! ! 30 51 1
B 11 1 1), (1 1 1 3 5 7
_x+x2+[a—§)x3+[§—a)x +(§—2!X3!+Z]x5+... :21 x_x_+x__X_+
3t 5t 71
=x+x2+lx3—ix5+... . ) e¥ —e™™
3 30 =2isinx = sinx = 5
1
DENC RN S : :
3 f(x)=sin"x= 5 ECOS(Z" ) b If we add equations (1) and (2) we obtain the

following:

e e e )

2 .3 4 .5 6 .7
| | [ ; —i . X x X x X X
2. 4 6 el"+eW:(1+Zx____+_+_____+.“j

Z x
G\
6! ; (2n)! _ 5 2t 2xt 2af N
21 41 6!
3 5 7
1
4 f()_smxz(x__ =z ]X_ 2 4 6
31 50 71 x =2[1_"_+"__"_+ J
2 4 6 2 20 41 6! T
Y )
3t 50 7 2n+1)! e 4 ook
=2C0SX = COSX = ———
. sin ooyt & 2
li = - —+=-=
=0 x—0 31 51 71 . . .
6 We can solve this question by using the results
2 4 6 . . . .
-1- o n o_0 ., =1 from the previous question directly or using
3t 5t 71

algebra.
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WORKED SOLUTIONS

Method | | - o (—n -
92 -93 04 .05 06 .07 c f(x) = —22 :(1_ 4x ) = Z n (_4x ) 5
ez’€:1_}_1'9___1__{___{_1____1__'_”‘ (1—4x) =0
2! ! ! ! !

we can simplify this binomial coefficient

6> 6 0° 6 6 o
zl—a'f‘z_a‘f‘...+l(9—?+a—ﬁ+...j -2 z(—Z)X(—3)><...><(—2—I’l+1)
cosd sin @ n n!
=cosf + isind — 1y 2x3x% .. x (n+1)
n!
Method Il
+1)!
e 4 o 0 _ oit =(-1) (n ) =()"(n+1),
cosl = sind = 5 = cosd + isinf
l o0
_ _ , _ , so_Z( D' (n + 1)(-4)"x™" = Y 4" (n+1)x™
3 ezH + ele N et|9_ 67119 3 26119 3 el_g par
2 2 2 =1+ 8x + 48x" + 256x° + ..
. 1 11
Exercise 5F | —4x’|<1= &7 < yreloo
1 1
1 a f(x)=+Vl-x=(1-x)%= 2[2 (—x)", we are 0oL (1 )
=0 d f(x)= 1+2x°) 4 = 4|(2x°),
" \4/1+2x = ) Zﬁ ) (25°)

going to simplify the binomial coefficient ) ) ) i
we are going to the binomial coefficient

1 lx(—ljx(—3jx x[l—n+l) 1 5 9 1
— 2 2 2 2 1 — x| =" | x| = |x..x|—-——n+l
[] . B L Y e o ek
., n! 4= '
n n:
_ a1 I1x3x5 x...x(2n - 3) 5% 0% x 3
= (1) . _ a5 94n..x.n'(4n O
_ 1yl (2n)! © x 5% .>< X -
=(-1 % nlx 2 x <D =1+Z(—1)”1 5 94n..x.nl(4n 3 oxy
_ iyt @mt o Ix5x9% .. x(4n—3) s,
0 ey *° =1+ XD T )
_ N _ 1\l (27’1)' 1\ A 3 3 1 1 1
_1+nz:(;( 1) —(2”><n!)2(2n_—1)( )" x |2x |<1:|x|<— |x| ﬁxe}_S’S[
—i(z—?'x - S
=2"xn!)’(2n-1) 2 f(x)=arcsinxy = f'(x) = -
|-x|<1=xe]-1]] 1-x
R
b f(x)—(1+x)3_(1+x) _§[n]x,weare .
going to simplify the binomial coefficient 1 (_1jx(_ 3jx X(_l o 1)
“3)  (©3)x(-A)x ... x(<3-n+1) =22
n) n! n "
— -1y M_( py (142! _qy 1x3x5x . x@n o)
n! 2xn! 2" xn!
L (D) (n+2 . 2 1y (2n)! _ gy @n)!
-y Dy [”* j s0 = O e - Y @y
_ < n+2 n _ < _ 1\ (21’1)' _ 1\ 2n: S (2”)' 2n
_Z::; [ j _;( D (2”><n!)2( b ,;)(2”><n!)2x
=1-3x + 6x*—10x° + 21x* — 28x° + .. (2’1) 2
fx >—IZ(2n dx

|x|<1:>xe]—l, 1[
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WORKED SOLUTIONS

© 2n+1
I C0 L SR W S I N e <e<lm <0.00005 = 1 > 8.

=x
(2" xnl) 2n+1 6

3
+1)!

Hence ez1+1+l+l+ 1_27183

1 1 M )
3 a \/9+x=3/1+£=3(1+£j2=3x 2 (fj ;L °
9 9 0 9 4 si d %"‘RS(JC),

n smx=x—§+
1 » 1 x* 1 X ] ‘
=3(1+—><———><—+—><——... _ fO>%)x®  —sinexx® 11
279 8 81 16 729 Ri(x) = o - e <33
S POV S S Y B FOC) is maximized when ¢ = 1.
6 216 3888 . .3
Hence, the maximum error is
J91=9+0. z3+éx0.1—ﬁx0.lzz3.017 e
1 o (-4 @ ><sm[ j 6.2337x107".
—— =(1+x)"= "
1+ x)* (L+) ,,Z_:j(njx 6! 3
=1-4x+10x*-20x +35x* — ... PRI 5"
5 ¢f=1+x+—+"—"+... +—+..
11 20 31 n!
1.03*  (1+0.03)" e
~1-4x0.03+10x0.03 — 20 x 0.03" = 0.8885 .z f‘””)(f)@
For x = R(—jz—,0<c<—-
"3 (n+1)! 3
Exercises 5G 1 1 1
3 nt 2
¥ X Hence, |R Do (L . Since e < 27, ¢3 < 3,
1 ex=l+x+7+?+ "\ 3 (n+D! \3
When x = -1, and we need
a 1 1 1 1 1 1
=l-l+-——+————+———+

<0.00005 = — 1 <0.00005.
(n+1)! x3"

2 6 24 120 720 5040
The series alternates and the last term is less than

&3

0.001 Therefore, n = 5 since ———— ~0.000006 < 0.00005.
Error < ——, which is approximately 0.0002, (G+D!x3
5040
hence Hence’
b z1—1+l—l+i—L+Lz0.36806. 1Y 1Y 1Y 1Y
2 6 24 120 720 . 1 (3) (3) (3] [3)
E(§j=1+§+ STyt TS~ 139s6:
1 o ! ! ! !
2 1n(1+x):jmdx=j2(—l)x | 2
= 1 _z
! 6 f(x)=x%f(x)=-x7;
S 0.5 ! <0.0001 =>n=9, and 3

2 2 10 -3
9 n+l " —_“ 3. m — 3.
> (1) —(0'531 — 0.405435 fr@)==5x 5 100 =
=l n

f®) =2 f’(8)— i 8)=——1.

¥ % 144
3 ex=1+x+—|+—'+... fn(8)
2r 3 Hence, T, (x) =f(8)+f'(8)(x—8)+—,(x—8)2
SIS TS PP S ) (TR S ! 8
20 31 2 2 and x° ~ T, (x).
4 8 _Q)3 _Q)3
—1+ -1 =3 Hence, e < 3. IR, (x)| = LU0 gy 10 75 x=8) _ S(x-8)
-1 3! 27 3! 8
2 81c3
|f<n+1>(c)| o . where 8 <c<x. Since7<x<9,-1<(x—8),or
Since EEEECEE Tk and e*isa |x — 8| <1, and therefore
8 8
strictly increasing function, lx—8’ <1.x>7= ¢ >7 >179.
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5|x—8|3 - 5x1

8
g B1XI79

the approximation is accurate to within 0.0004.
3 5

Hence, |R,(x)| = <0.0004, i.e.,

. X X . 9
7 smx=x——+—+..=>sin“x

31 5!

. . 1 2
=(sinx)(sinx) = x> — —x* + = x%+ ...
( X ) 3 T
J“"(xz —lx4+ix6jdx
0 3 45

s K
X oLy 2 71" 20.045294...
3 150 315 |,

The exact integral is, J‘OE sin® xdx = J'fl_z%dx

. |6

x Sin —

=X 3| —0.045293. ..
2 4

0
The truncated term |R, (x)| = 3?5 x5,

3 8

9 E
j?"—dx {" } = 0.000001. The actual
0 315 2835

error is 0.0452940 — 0.045293 = 0.000001 and
|R,(x)| < actual error.

o R(5)-LG2x (3 ocech el

Ry (x)] <

L £ 0.0000217.
Ix 26

9 R,(02)= (C) %« (0.2)°:0 < ¢ < 0.2. Since

fOx) = ¢, the maximum that
f©)(c) can be in this interval is %2,

0.2
hence R, (0.2)| < es_' % (0.2)° ~ 0.0000326.

10 ]R (1)| &1()1') Since all derivates of sin(x) are
1 1
error,n =6, — = —— < 0.001
7! 5050

The degree of the polynomial is therefore 5.

Exercise 5H

3 xS

1 a sinx=x—"—+"—+
31 5!
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. sinx—x
Iim ———= =

x—0

WORKED SOLUTIONS

o
x-S+ 4. |-x
31 5l

lim .
X x—0 X
¥«
=——lim=—+"+..=—=
S 310 51 71 6

2 2
(1+x+x+ ....j—(l—x+x— j
2! 21

lim
x—0 X
2y 2x*  2x* ,
Clim_ 2l 4l oy, 2 2 L
1 e =0 20 4]
lim (2-2cosx)’ _ 3l (1-cosx)’
x—0 x6 x—0 x6
_ Slim 1-3cosx + 3cos® x —cos’ x
- x—0 x6

2 4 6
X X

X
cosx =1-"—+—-

21 41 6!

cos® x = (cosx)(cos x)

8lim

xt 24°
=l-x"+ -4

3 45

3x7 Txt 61xS

2
cosx = (cosx)(cos* x)=1— "+ " ———
( X ) 2 8 240
_ 2 _ 3
1 3cosx+3céos x—cos’ x =811mlx6=1
X x—0 §

x—=0

sin2x=x2—?+—x

Hence, limZ

¥ 2 ..
45

. 4 6

x* —sin’ x limE* -2x+.. 1
2 2 = lm#——.

=0 x7sin®x 00 xt —Xp 3

(sin3x —3x)>

x>0 (cos5x—1)°
— lim sin® 3x +3x sin 3x + 9x 162
x>0 cos’ 5x —3cos? 5x +3cos5x — 1 15625

Numerator: {(3x)2 -

Gx)* | 26x)° _ }
3 45

a0, 0

. 0 —} + (3x)?

Denominator:

{1_

3(5x) N 7(5x%)*

—..} [ ~ (5x) + (5") }

2 8

+3[1—@+@—..}—1

2 24
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WORKED SOLUTIONS

2 Forc=0, y = y(0) + y'(0) + 20 (0) ";)('0) . Review Exercise
Therefore, y(0) = 0; ' ' 1 Using the ratio test,
[ N — n+l _
y=y"—-x;9'0)=1 lim 2n)!x o nl(n 1)!;1
yn _ 2yy'—1, yn(o) =1 I’l'(l’l + 1)' (27’1 —2)!36
m " N2. ..m _ _
y'=2yy"+2(y) 5 p"(0) = 4 = lim(%]x = 4x. The series is convergent
m r..n n—o0 nin +
y=2y"+ 65" y(0) =14
y(s) _ 2yy(4) + 8y + 6(y”)2; y(s)(O) - 66 if |[4x|<1,or x e}—i,i[, hence R = i
- 1 12 4.5 14 4 66 s
ence, y = +x+5x +§x +4'x +§ +... 2 ai f!(x)z_e—xcoszx_ze—xsinzx
1(0.2) = 1.2264 (4d.p.) f"(x) =4e*sin2x — 3¢ * cos2x
3y =3x%y; Sf(x) + 2f"(x) + 5(x)

Y = 3%y + 6xy = 3x°(3x7y) + 6xy = 6xy + 9x'y =4e " sin2x — 3e *cos2x — 2e " cos2x
61 + 611" + 365y + O —4e "sin2x + 5e " cos2x.
=6y + + +
ree Ty Hence, f"(x) +2f'(x) + 5f(x) = 0.
=6y + 6x(3x°y) + 36x°y + 9x*(3x°y) ) o ) ,
ii Differentiating n times and putting x = 0,

=6y +54x°y +27x°
yom ey FU(0) +2£7(0) +5£7(0) = 0
For (1,1), y' =3; y" =15; y" =87 ) s .
Therefore, using the Taylor series expansion, b e"=1-x+ o % + ;—4 +...and
(x 1) (x 1)3 4

y=1+(-DO) + =15+ ——@7) cos2x =1-2x* +2%+...

=1+3(x = 1) + 7.5(x —1)* +14.5(x - 1)’ Multiplying these,

. . . x 11 7
4 In this example we will purposely take a different e*cos2x=1—-x— Exz + sz - ﬂx4 + o

approach to show you another way of solving this
type of problem.

Let y =) c,x"; y' = nc x""

3 a f isa continuous and positive decreasing
function, hence we can use the integral test.

b
o X . b _g? . 1 42 1
. = = ——e = —,
Since x*y' =y —x -1, e b3l e 20 | 2e
© i Since the integral converges, the series
X’y =x"Y ne,x" =-1-x+ c,x", so that ’
L L converges.
= < b sinx=x - 3+x5 x7+ and
D ne,x"' =—-1-x+) c,x". Moving the 3050 71T
=0 2 3
summation index on the left by —1, i.e., replace e =l x+ X 4+ X 4
: . . I
n = 1 with n = 2 and n with (n — 1) we obtain 3!
4 6
o 0 ¥ _ 2 X X
D=1, %" =-l- x4 +ex+ Yo" e TR T

n=2

¢ =1xc =1l;¢c,=2x¢, =2l . , xt o« RN
c efsinx=|1+x"+—+"—+. ||y -2 4+ 2 4

,=3xc, =3¢, =(m-1),n>2. 20 3! 31 51 71
Hence, y(x):1+x+2(n—1)!x”. —x+5x3 +ﬂx +.
n=2 6 120
. oDl sinx-x 5 41,
The radius of convergence is }ll_rg (nn') = }}_{E; =0. d e ~ % + 120"

Therefore the series converges only for x = 0.
Hence, the differential equation does not have a
convergent power series solution.

x3

Hence, lim[
x—0

e sinx — x _5
— |7 %
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=20 o po(0) = nta
n:

n

Whenx=0,(n+2)la,, —n" xnla, =0.

Hence, (7 + 1)(n + 2)a,,, =n’a,, n>1.
& 1’ 3
il g = a5 = X .
x3 2x3 4x5
2 72 Y
Hence, a, = M,ne Odds, n > 3.

n!

b Using the ratio test, for odd »,

2

lim— 2
n> (n+1)(n + 2)

x? = x%. Hence, the series is

convergent for |x|<1,and R =1.

(1) w 11 (1)3 3(1)5
c arcsin| — |===1Ix=+=x|=| +—|=|.
2 6 2 6 2 40\ 2

~ 3.139.

|(x 3)n+1 N n\/_ | |x_3|
2t n+1 (x-3) 2

~3]

. The series will

n~>oc

convergeforlx <l=|x-3|<2=>1<x<5.

(2" _ <D
NN
This converges by the alternating series test,

since the terms decrease to zero. For x = 5,

2
Z()

n12"

Checking the endpoints, x = 1, z

i— which diverges by the p-series test.

Hence, the interval of convergence is [1,5]

n+1

Maclaurin series for e

IO

n=0 1

(n +1)'

0.2

¢ 0.2 <0.0005.
!

e<3= e <e™ <2

Then, |R,(0.2)| < <0.0005=>n=3

02  0.2°

Hence, 2 =1+ 0.2 + — + — =1.221
2! 3!

7

9

1
— =l-x+xt—x+xt+...
1+x
2 3 4
In(l+x)=x-2+2 -2 4+ 4¢
2 3 4

Since In(1) =0, ¢ = 0.

1+x

1
hence Eln[l ] E(In(l +x) — In(l - x)

- X

F@) =1+ x) = fix) = %(1 Fx)

P =2+ 005 = 24 2y
9 ’ 27
3 (i)
Hence, f(x) zg%xl =1+ %x — éxz + %x-’”
£(0.2) ~1.06272.
=" x3=21.
180 60
x2
f(x) = f(0) + x/"(0) + ;f”(0)+ .. +R,
x3
=>sinx=0+x - —+ f(”“)( )

31 (+1)l

f(n+1) (x) = +sinx or +cosx, then f(n+1)(c) =1

n+1

T
R, < 150 20000005 = 1 = 3.
(n+1)!
3
&)
sin3 ~ = — 289 0 05234.
60 3!

Calculus: Chapter 5
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e+ (-1)'e”

fO =5

FO0) 141y

Coefficient of x" =

n! 2n!
2 x4
= =l+—+—+
f(x) )
1 1 1 433
=1+ + = —=. The Lagrange
f(2 8 16x24 384 srans
(n+1) 5) 3
error term £ g1 = SO, (lj .
(n+1)! 120 2

From the GDC, f®(c)is an increasing
function, hence the expression is maximized
when x = 0.5. Therefore the upper bound

(60.5 _ 670.5)

1 5

2x120
F(x) = In(1 + sinx). Hence, f'(x) = —>% .
1+ sinx
) = —sinx(l + sinx) — cos’ x
(1 + sinx)’
_ —sinx-1 -1
(1+sinx)*> l+sinx
” cos x

fr(x) = ————=:; P (%)

(1 +sinx)

_ —sinx(l + sinx)’ — 2(1 + sinx)cos’ x
(1+ sinx)* '

£0)=0;£0) =1, £'(0) = -;
F1O) =1, 0) = 2.

2 4
x3 X

Therefore,In(1 + sinx) = x — % e

6 12

In(1 - sinx) = In(1 + sin(—x))

Adding,

In(1 - sin* x) = Incos® x = — x? gt

2 4
X

Incosx =-=—-"—+
2 12

4

R

X

Insecx ==— + +...

1

2

2

Insecx Jx  x2*x
=24

x\/; 2 12

Hence, lim
x—0 xNx

\e}

+...

Insecx

=0.

12 y(0)=0

Y=y +15y(0)=1
y'=2y55"0)=0
y"=2[) + " ]y"(0) = 25 y9(0) = 16
¥ =202y + yy"+ "]
=2[3yy" + "], y¥(0) =0
¥ =23((5") + yy") + vy ]
=2[30") +4y¥" + ]

2% 16x° X 2%
YEX A+ Tt =+ T+,
3! 5! 3 15

which is the Maclaurin expansion of

y = tan(x).

13a y'=ytanx + cosx, f'(0)=1

y" = ysec’ x + y'tanx — sinx

=[O =-7

2

—y=-—"T
Y=75 4

b integrating factor

j—tanxdx
=e = COSx

= ycosx = J.cos2 xdx = %J‘(1+ cos 2x)dx

x  sin2x
jycosx :E + T +C

when

x:n,y:0:>c:—%

x sin2x &
= yCosx = —+ - =
2 4 2

x  sin2x ﬂj
4 2

= y=secx| -+
y = secx( 2

WORKED SOLUTIONS
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14ﬁ?¥i=a+xﬁ
SOROISAIEIS

=1+%x—lx2 +ix3 +...

16

=(1- 2x)%

oo
-

3

:1+x+%x2+§x + ...

-}
(L4 %) (1-22) 2

3 5
Y TRV YW B I +j (1+x + x4 248 +)
2 8 16 2 2

O SV P SREL O
2 8

16
BeT
22

+ ...

2 3
15¢" -1=x+—+—+
|
. 2 3 X+ —+—
e€'1=1+(x+—+—)+ 26
2
x° x3J3
X+ +—
+ 2 6 .
6
x2 x3 x2 x3
=l+x+=—+">+"=—+=+.
2 6 2 6

5
=1+x+x2+gx3+...

Using I’hopital’s rule,
e(e“— 1 _ 1 . e(e’(— 1 _ 1
m—————= hmx—
x—0 e(e - _ 1-1 x>0 e(e +x-1) -1
(ex+x71) 1 1
=lim P
x—0 (e +x-1) % (e ¥ 1) 2
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17 ¢* :1+x+%+ et

3 5 7

<5x10”° = n>4,001

n—

2 n

n2n

D™
j 2"[

3 Li (_l)n x2n+1 1
2r 3| Cn+1)2"n! |
Since this is an alternating series,

1
un+1 = n+l
2n+3)2" (n+1)!

Hence, P(0<x<1)=

<0.0001.

From the GDC:

WORKED SOLUTIONS

=>r=4 (1—l+l—l+

Exercise bE </
0.341345

B
27 0e2dX

1 1
\/2 P (2 n+3)-2"1)(n+1)!
{0.06649,0.009974,0.001187,0.000115,0.000009,6.65969¢-7}

[n=1{0,12,3,4,5}

D

(2n+1 )-2"-n!

]

«

When n = 4, we have the appropriate
approximation, i.e., 0.341354.
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